Mendler-Style Inductive Types, Categorically

Extended Abstract

Tarmo Uustalu^1 and Varmo Vene^2

1 Dept. of Teleinformatics, Royal Institute of Technology Electrum 204, SE-164 40 Kista, Sweden; tarmo@it.kth.se 2 Inst. of Computer Science, University of Tartu J. Liivi 2, EE-504 09 Tartu, Estonia; varmo@cs.ut.ee

Abstract We present a basis for a categorical account of Mendler-style inductive types by introducing a notion of initial Mendler-style algebras and use it for giving a reduction of (conventional) inductive types to Mendler-style inductive types and two reductions of Mendler-style inductive types to (conventional) inductive types.

1 Introduction

For a category-theoretically minded computing scientist, the phrase “inductive types” normally serves as a name for a construction that is usually conveniently modelled by means of the notion of initial algebras [Mal90,Fok92]. In typed lambda calculi (type theories), at the same time, one encounters both inductive types in this (call it conventional) sense and Mendler-style inductive types [Men91,Lei90,Uus98,Mat98]. This paper reports the first results of an ongoing work on developing a categorical account of Mendler-style inductive types, based on a notion of initial Mendler-style algebras invented for this purpose and motivated from an interest in generic programming.

The notion of inductive types is defined for covariant type constructors. The lattice-theoretic prototype of an inductive type is a least prefixed point of a monotone function f, i.e. a least point among the points c such that such that fc ≤ c. The notion of Mendler-style inductive types is defined in this paper for multivariant (i.e., di-) type constructors, but it seems useful only for covariant type constructors still. The latticetheoretic prototype of a Mendler-style inductive type is, for an arbitrary function f, a least point among the points c such that, for any point a, if a ≤ c, then fa ≤ c. If, for any point c, there exists a lub f^ec of the set {fa|a ≤ c}, then f^e is a monotone function and this point is, in fact, a least prefixed point of f^e.

Throughout the text, we work with an anonymous base category, which is not required to have any specific structure. The paper is written in the spirit of the constructive algorithmics community. So, instead diagram chasing, our proof discipline is structured calculation.

2 Inductive types: a reminder

The standard categorical account of inductive types is based on the notion of initial algebras.

Let F be a covariant (endo)functor. Any pair (C, ϕ) formed of an object C and a morphism ϕ : F C →C is said to be an F -algebra. For any two F -algebras (C, ϕ) and (D, ψ), any morphism h : C → D such that h ∘ ϕ = ψ ∘ F h is said to be a (F -algebra) homomorphism from (C, ϕ) to (D, ψ). A pair ((μF, In_F ), (| · |)_F ) is called an initial F -algebra (an inductive datatype), if (μF, In_F ) is an F -algebra and, for any other F -algebra (C, ϕ), the entity (| ϕ |)_F is a unique homomorphism from (μF, In_F ) to (C, ϕ), i.e., if the following judgements hold:

(μF, In_F )-prop μF : Obj, In_F : F (μF )→μF (| · |)_F -char-exi C : Obj, ϕ : F C →C ⇒ (| ϕ |)_F : μF →C, (| ϕ |)_F ∘ In_F = ϕ ∘ F (| ϕ |)_F (| · |)_F -char-uniq C : Obj, ϕ : F C →C ⇒ ( f : μF →C, f ∘ In_F = ϕ ∘ F f ⇒ f = (| ϕ |)_F )

3 Mendler-style inductive types: a news?

To be able to model Mendler-style inductive types categorically, we introduce the notion of initial Mendler-style algebras.

Let F be a di-(endo-)functor. Any pair (C, Φ) formed of an object C and a morphism-with-codomain-C mapping Φ is said here to be a Mendler-style F -algebra, if the following “extra” condition (below referred to by the name (C, Φ)-F -extra) is met: (0) for any morphism α : →C, dom (Φα) = F (dom α, dom α), and (1) for any morphisms α :→C, β :→C, g : dom α→dom β, if α = β ∘g, then Φα∘F (g, id_{dom α}) = Φβ ∘F (id_{dom β}, g).

For any two Mendler-style F -algebras (C, Φ), (D, Ψ), any morphism h : C → D such that, for any morphism α with codomain C, h ∘ Φα = Ψ(h ∘ α), is said to be a (Mendler-style F -algebra) homomorphism from (C, Φ) to (D, Ψ). A pair ((μ^mF, In^m_F ), (| · |)^m_F ) is called an initial Mendler-style F -algebra (a Mendler-style inductive datatype), if (μ^mF, In^m_F ) is a Mendler-style F -algebra and, for any other Mendler-style F -algebra (C, Φ), the entity (| Φ |)^m_F is a unique homomorphism from (μ^mF, In^m_F ) to (C, Φ), i.e., if the following judgements hold: (μ^mF, In^m_F )-prop

μ^mF : Obj, ( m :→μ^mF ⇒ In^m_F m :→μ^mF ), (μ^mF, In^m_F )-F -extra

(| · |)^m_F -char-exi C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F -extra ⇒ (| Φ |)^m_F : μ^mF →C, ( m :→μ^mF ⇒ (| Φ |)^m_F ∘ In^m_F m = Φ((| Φ |)^m_F ∘ m) )

(| · |)^m_F -char-uniq C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F -extra ⇒ ( f : μ^mF →C, ( m :→μ^mF ⇒ f ∘ In^m_F m = Φ(f ∘ m) ) ⇒ f = (| Φ |)^m_F )

4 Inductive types reduced to Mendler-style inductive types

Let F be a covariant functor. Define a binary object and morphism mapping F^≀ (a padding of F with a dummy argument place) as follows: F^≀-def

C^′ : Obj, C : Obj ⇒ F^≀(C^′, C) = F C h^′ :→, h :→ ⇒ F^≀(h^′, h) = F h It is obvious that F^≀ is a difunctor.

Let us assume that there exists an initial Mendler-style F^≀-algebra ((μ^mF^≀, In^m_{F o} ), (| · |)^m_{F o} ). Define

(μF, In_F )-def

μF = μ^mF^≀, In_F = In^m_F o id_μm_F o (| · |)_F -def

C : Obj, ϕ : F C →C ⇒ (| ϕ |)_F = (| (γ :→C) ϕ ∘ F γ |)^m_F o (For (| · |)_F -def to be a legitimate definition, the condition (C, (γ :→C) ϕ∘ F γ)-F^≀-extra has to be true, which, luckily, is the case). It appears that the pair ((μF, In_F ), (| · |)_F ) is an initial F -algebra.

Proof of (| · |)_F -char-exi: � C : Obj, ϕ : F C →C (| ϕ |)_F ∘ In_F = – (| · |)_F -def, (μF, In_F )-def – (| (γ :→C) ϕ ∘ F γ |)^m_{F o} ∘ In^m_{F o} id_μm_F o = – (| · |)^m_{F o} -char-exi – ϕ ∘ F (| (γ :→C) ϕ ∘ F γ |)^m_{F o} = – (| · |)_F -def – ϕ ∘ F (| ϕ |)_F Proof of (| · |)_F -char-uniq: � C : Obj, ϕ : F C →C � f : μF →C, f ∘ InF = ϕ ∘ F f f = – (| · |)^m_{F o} -char-uniq –

� m :→μ^mF^≀

f ∘ In^m_{F o} m = – F^≀ cov functor –

f ∘ In^m_{F o} m ∘ F id_{dom m} = – F^≀-def –

f ∘ In^m_{F o} m ∘ F^≀(m, id_{dom m}) = – (μ^mF^≀, In^m_{F o} )-prop – f ∘ In^m_{F o} id_μm_F o ∘ F^≀(id_μm_F o , m) = – (μF, In_F )-def, F^≀-def – f ∘ In_F ∘ F m = – � – ϕ ∘ F f ∘ F m = – F cov functor – ϕ ∘ F (f ∘ m) (| (γ :→C) ϕ ∘ F γ |)^m_{F o} = – (| · |)_F -def – (| ϕ |)_F an elegant theory can be developed for it. It is also obvious that the whole development readily dualizes for Mendler-style coinductive types.

The “extra” conditions of this paper are not ad hoc, they are, in fact, dinaturality conditions for transformations in derived categories, hence their truth can often be taken for granted (“free theorems”); the more exact implications of works on dinaturality [BFSS90,Fre93,Tui95] for our work is a subject of further investigation.

A specifically nice feature of Mendler-style inductive types from the programming perspective is that the “map” function (or the “comap” and “map” pair of functions) corresponding to the type constructor is not mentioned manifestly in the β (cancellation), η (reflection), and commutative (fusion) rules; they should thus provide support for “truly generic” programming, i.e. writing generic programs without having to involve induction over type constructor expressions. Also this issue needs a closer study.

Acknowledgement The work reported here was partially supported by the Estonian Science Foundation grant no. 2976.

References

[BFSS90] E. S. Bainbridge, Peter J. Freyd, Andre Scedrov, and Philip J. Scott. Functorial polymorphism. Theoretical Computer Science, 70(1):35–64, 1990. Corrigendum, ibid., 71(3):431, 1991.

[Fok92] Maarten M. Fokkinga. Law and Order in Algorithmics. PhD thesis, Dept. of Informatics, Univ. of Twente, 1992.

[Fre93] Peter J. Freyd. Structural polymorphism. Theoretical Computer Science, 115(1):107–129, 1993.

[Lei90] Daniel Leivant. Contracting proofs to programs. In P. Odifreddi, editor, Logic and Computer Science, volume 31 of APIC Studies in Data Processing, pages 279–327. Academic Press, London, 1990.

[Mal90] Grant Malcolm. Data structures and program transformation. Science of Computer Programming, 14(2–3):255–279, 1990.

[Mat98] Ralph Matthes. Extensions of System F by Iteration and Primitive Recursion on Monotone Inductive Types. PhD thesis, Fachbereich Mathematik, Ludwig- Maximilians-Universität München, 1998.

[Men91] Nax Paul Mendler. Inductive types and type constraints in the second-order lambda-calculus. Annals of Pure and Applied Logic, 51(1–2):159–172, 1991.

[Tui95] Daniël Tuijnman. A Categorical Approach to Functional Programming. PhD thesis, Abt. Programmiermethodik und Compilerbau, Fakultät für informatik, Universität Ulm, December 1995.

[Uus98] Tarmo Uustalu. Natural Deduction for Intuitionistic Least and Greatest Fixedpoint Logics, with an Application to Program Construction. PhD thesis (Dissertation TRITA-IT AVH 98:03), Dept. of Teleinformatics, Royal Inst. of Technology, Stockholm, May 1998.

Proof of (| · |)^m_F -char-uniq:

� C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F -extra � f : μ^mF →C, ( m :→μ^mF ⇒ f ∘ In^m_F m = Φ(f ∘ m) ) f = – (| · |)_F e -char-uniq – f ∘ In_F e = – [ · ]-char-uniq – � m :→μF^e f ∘ In_F e ∘ in_F ._{(μF} e_)m = – (μ^mF, In^m_F )-def – f ∘ In^m_F m

= – � – Φ(f ∘ m) [ (m :→μF^e) Φ(f ∘ m) ] = – [ · ]-char-uniq – � m :→μF^e Φ(f ∘ m) = – [ · ]-char-exi – [ Φ ] ∘ in_F ._C (f ∘ m) = – [ · ]-char-exi – [ Φ ] ∘ [ (m :→μF^e) in_F ._C (f ∘ m) ] ∘ in_F ._{(μF} e_)m [ Φ ] ∘ [ (m :→(μF^e)) in_F ._C (f ∘ m) ] = – F^e-def –

[ Φ ] ∘ F^ef (| [ Φ ] |)_F e = – (| · |)^m_F -def –

(| Φ |)^m_F

The following fact explains why we were able to obtain a simpler reduction in the covariant case (i.e., why we could use an initial algebra for F instead of (F^≀)^e). Given a covariant functor F such that, for any object C, there exists a sum of (F^≀)^▷C. Then, for any object C, the objects F C and (F^≀)^eC are isomorphic, and being an (initial) F -algebra is equivalent to being an (initial) (F^≀)^e-algebra.

6 Conclusions and Future Work

This paper is a first report of an ongoing work, so we have several questions that we have to find answers to. It seems clear already, however, that the notion of initial Mendler-style algebras is meaningful and that

5 Mendler-style inductive types reduced to inductive types

5.1 Covariant case, easy

Let again F be a covariant functor, so F^≀ is a difunctor. Let us assume that there exists an initial F -algebra ((μF, In_F ), (| · |)_F ). Define

(μ^mF^≀, In^m_{F o} )-def

μ^mF^≀ = μF, In^m_F o = (m :→μF ) In_F ∘ F m

(| · |)^m_{F o} -def

C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F^≀-extra ⇒ (| Φ |)^m_F o = (| Φid_C |)_F

The pair ((μ^mF^≀, In^m_{F o} ), (| · |)^m_{F o} ) turns out to be an initial Mendler-style F^≀-algebra.

Proof of (| · |)^m_{F o} -char-exi:

� C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F^≀-extra � m :→μ^mF^≀

(| Φ |)^m_{F o} ∘ In^m_{F o} m = – (| · |)^m_{F o} -def, (μ^mF^≀, In^m_{F o} )-def – (| Φid_C |)_F ∘ In_F ∘ F m = – (| · |)_F -char-exi –

Φid_C ∘ F (| Φid_C |)_F ∘ F m = – (| · |)^m_{F o} -def – Φid_C ∘ F (| Φ |)_F o ∘ F m = – F cov functor –

Φid_C ∘ F ((| Φ |)_F o ∘ m) = – F^≀-def –

Φid_C ∘ F^≀(id_C , (| Φ |)_F o ∘ m)

= – � –

Φ((| Φ |)^m_{F o} ∘ m) ∘ F^≀((| Φ |)_F o ∘ m, id_{dom m}) = – F^≀-def –

Φ((| Φ |)^m_{F o} ∘ m) ∘ F id_{dom m} = – F cov functor –

Φ((| Φ |)^m_{F o} ∘ m)

Proof of (| · |)^m_{F o} -char-uniq:

� C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F^≀-extra � f : μ^mF^≀ →C, ( m :→μ^mF^≀ ⇒ f ∘ In^m_F o m = Φ(f ∘ m) ) f = – (| · |)_F -char-uniq – f ∘ In_F = – F cov functor – f ∘ In_F ∘ F id_{μF} = – (μ^mF^≀, In^m_{F o} )-def – f ∘ In^m_{F o} id_μm_F o

= – � – f ∘ Φf = – F cov functor – f ∘ Φf ∘ F id_μm_F o = – F^≀-def –

f ∘ Φf ∘ F^≀(f, id_μm_F o )

= – � –

Φid_C ∘ F (id_C , f) = – F^≀-def – Φid_C ∘ F f (| Φid_C |)_F = – (| · |)^m_{F o} -def –

(| Φ |)^m_{F o}

5.2 General (i.e., di-) case, harder

Let now F be a difunctor. Define a mapping F^▷ which takes any object C to a family of objects indexed by morphisms with codomain C by letting F^▷C = (γ : →C) F (dom γ, dom γ). Assume that, for any object C, there exists a coproduct (( ∑ F^▷C, in_F ._C ), [ · ]) of F^▷C, i.e., that the following judgements hold: ( ∑ F^▷·, in_F ._·)-prop

C : Obj ⇒ ∑ F^▷C : Obj, ( γ :→C ⇒ in_F ._C γ :→ ∑ F^▷C ), ( ∑ F^▷C, in_F ._C )-C-F -extra

[ · ]-char-exi

C : Obj, E : Obj, ( γ :→C ⇒ Θγ :→E ), (C, Θ)-F -extra ⇒ [ Θ ] : ∑ F^▷C →E, ( γ :→C ⇒ [ Θ ] ∘ in_F ._C γ = Θγ )

[ · ]-char-uniq

C : Obj, E : Obj, ( γ :→C ⇒ Θγ :→E ), (C, Θ)-F -extra ⇒ ( f : ∑ F^▷C →E, ( γ :→C ⇒ f ∘ in_F ._C γ = Θγ ) ⇒ f = [ Θ ] )

Define an object and morphism mapping F^e as follows:

F^e-def

C : Obj ⇒ F^eC = ∑ F^▷C h :→ ⇒ F^eh = [ (γ :→dom h) in_F ._{(cod h)}(h ∘ γ) ]

It is easy to see that F^e is a covariant functor.

Assume that there exists an initial F^e-algebra ((μF^e, In_F e ), (| · |)_F e ). Define (μ^mF, In^m_F )-def

μ^mF = μF^e, In^m_F = (m :→μF^e) In_F e ∘ in_F ._{(μF} e_)m

(| · |)^m_F -def

C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F -extra ⇒ (| Φ |)^m_F = (| [ Φ ] |)_F e

This definitions warrant that the pair ((μ^mF, In^m_F ), (| · |)^m_F ) is an initial Mendler-style F -algebra.

Proof of (| · |)^m_F -char-exi:

� C : Obj, ( γ :→C ⇒ Φγ :→C ), (C, Φ)-F -extra � m :→μ^mF

(| Φ |)^m_F ∘ In^m_F m = – (| · |)^m_F -def, (μ^mF, In^m_F )-def – (| [ Φ ] |)_F e ∘ In_F e ∘ in_F ._{(μF} e_)m = – (| · |)_F e -char-exi –

[ Φ ] ∘ F^e(| [ Φ ] |)_F e ∘ in_F ._{(μF} e_)m = – (| · |)^m_F -def –

[ Φ ] ∘ F^e(| Φ |)_F ∘ in_F ._{(μF} e_)m = – F^e-def –

[ Φ ] ∘ [ (m :→μF^e) in_F ._C ((| Φ |)^m_F ∘ m) ] ∘ in_F ._{(μF} e_)m = – [ · ]-char-exi –

[ Φ ] ∘ in_F ._C ((| Φ |)^m_F ∘ m) = – [ · ]-char-exi –

Φ((| Φ |)^m_F ∘ m)