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=
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√
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P
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que
en

el
practiquen

las
R
eglas

de
A

lgebra
en

los
casos

de
G

eom
etria.

ie.

B
ut

the
reason

w
hy

I
w
ork

by
A

lgebra
alm

ost
alw

ays,
is

that
this

treaty
is

w
ritten

so
that

in
it

you
practise

the
rules

of
A

lgebra
in

case
studies

of
G

eom
etry
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Letting
“the

sym
bols

do
the

w
ork”

in
the

16c

fol.
269r-269v:

D
eduction

fi
rst

Y
tam

bien
p
orque

quien
obra

p
or

A
lgebra

va
entendiendo

la
razon

de
la

obra
que

haze,
hasta

la
yqualacion

ser
acabada.

(...)
D

e
suerte

que,
quien

obra
p
or

A
lgebra,

va
haziendo

discursos
dem

onstrativos.

ie.

A
nd

also
b
ecause

one
p
erform

ing
by

A
lgebra

is
understanding

the
reason

of
the

w
ork

one
does,

until
the

equality
is

fi
nished.

(...)
S
o

m
uch

so
that,

w
ho

w
orks

by
A

lgebra
is

doing
a

dem
onstrative

discourse.
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V
erdict

(...)
D

e
m

anera,
que

quien
sabe

por
A
lgebra,

sabe
scientificam

ente .

(in
this

w
ay,

w
ho

know
s

by
A

lgebra
know

s
scientifi

cally)
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T
rend

for
notation

econom
y

W
ell-know

n
throughout

the
history

of
m

aths
—

a
kind

of
“natural

language
im

p
lo

sio
n
”

—
particularly

visible
in

the
syncopated

phase
(16c),

eg..40.p̃.2.ce.
son

yguales
a

.20.co

(P
.
N

unes,
C
oim

bra,
1567)

for
now

adays
40

+
2x

2
=

20x
,
or

B
3

in
A

quad
-

D
plano

in
A

+
A

cub
o

æ
quatur

Z
solido

(F
.
V

iète,
P
aris,

1591)
for

now
adays

3B
A

2−
D

A
+

A
3

=
Z

F
inal

touch
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T
rend

for
notation

econom
y

W
ell-know

n
throughout

the
history

of
m

aths
—

a
kind

of
“natural

language
im

p
lo

sio
n
”

—
particularly

visible
in

the
syncopated

phase
(16c),

eg..40.p̃.2.ce.
son

yguales
a

.20.co

(P
.
N

unes,
C
oim

bra,
1567)

for
now

adays
40

+
2x

2
=

20x
,
or

B
3

in
A

quad
-

D
plano

in
A

+
A

cub
o

æ
quatur

Z
solido

(F
.
V

iète,
P
aris,

1591)
for

now
adays

3B
A

2−
D

A
+

A
3

=
Z

F
inal

touch

R
ené

D
ecartes

(1596–1650),
w

ho
studied

algebra
by

the
b
ooks

of
C
lavius

(1538–1612),
a

student
of

N
unes

at
C
oim

bra.
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Later
on

(18c,
19c,

...)

M
ore

dem
anding

problem
s

to
b
e

m
odelled/solved,

eg.
electrical

circuits:

F
rom

a
sim

ple
law

...

V
=

R
×

I
by

G
eorg

O
hm

(1789-1854)
...
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Later
on

(18c,
19c,

...)

M
ore

dem
anding

problem
s

to
b
e

m
odelled/solved,

eg.
electrical

circuits:

F
rom

a
sim

ple
law

...

V
=

R
×

I
by

G
eorg

O
hm

(1789-1854)
...

...to
non-linear

R
C
-circuits

v
(t)

=
R
i(t)

+
1C

∫

t0
i(τ

)d
τ

v
(t)

=
V

0 (u
(t−

a)−
u
(t−

b
))

(b
>

a)
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C
alculate

i(t)

T
he

follow
ing

i(t)
can

b
e

observed
on

an
oscilloscop

e:

C
an

you
explain

it?
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sform

C
alculate

i(t)

T
he

follow
ing

i(t)
can

b
e

observed
on

an
oscilloscop

e:

C
an

you
explain

it?

Is
16c

m
aths

still
enough

for
the

required
calculations?

N
o.

N
eed

for
the

the
diff

erential/integral
calculus.

B
ut

there
is

m
ore:
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C
alculate

i(t)

T
he

follow
ing

i(t)
can

b
e

observed
on

an
oscilloscop

e:

C
an

you
explain

it?

Is
16c

m
aths

still
enough

for
the

required
calculations?

N
o.

N
eed

for
the

the
diff

erential/integral
calculus.

B
ut

there
is

m
ore:

F
or

the
underlying

m
aths

to
scale

up

N
eed

for
an

integral
transform

,
eg.

the
L
aplace

transform
.
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Laplace
transform

t-space
s-space

G
iven

problem

y
′
′+

4y
′+

3y
=

0
y
(0)

=
3

y
′(0)

=
1

!!

S
ubsidiary

equation

s
2
+

4sY
+

3Y
=

3s
+

13

""

S
olution

of
given

problem

y
(t)

=
−

2e
−

3
t
+

5e
−

t

S
olution

of
subs.

equation

Y
=

−
2

s+
3

+
5

s+
1

##



In
tro

d
u
ction

P
rob

lem
-solvin

g
L
ibro

d
e

A
lgebra

“U
t

facian
t

op
u
s

sign
a”

e
=

m
+

c
P
F
-tran
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A
n

integral
transform

(L
f)s

=
∫

∞0
e
−

stf(t)dt,
eg.

f(t)
L

(f)

1
1s

t
1s
2

t
n

n
!

s
n
+

1

e
a
t

1
s
−

a

etc

P
ierre

L
aplace

(1749-1827)
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=
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Laplace-transform
ed

R
C
-circuit

m
odel

L
(t-space

R
C

m
odel)

is

R
I(s)

+
I(s)

sC
=

V
0s
(e

−
a
s−

e
−

b
s)

w
hose

algebraic
solution

for
I(s)

is

I(s)
=

V
0

R

s
+

1R
C

(e
−

a
s−

e
−

b
s)

N
ow

,
the

converse
transform

ation:

L
−

1(
V

0
R

s
+

1R
C

)
=

V
0

R
e
−

t
R
C
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A
nalytical

solution

A
fter

som
e

algebraic
m

anipulation
w
e

w
ill

obtain
an

analytical
answ

er
...

i(t)
=



0
if

t
<

a

(
V

0 e
−

aR
C

R
)e

−
t

R
C

if
a

<
t

<
b

(
V

0 e
−

aR
C

R
−

V
0 e

−

bR
C

R
)e

−
t

R
C

if
t

>
b

...w
ith

som
e

help
by

O
liver

H
eaviside

(1850-1925)
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W
hat’s

new
?

W
hile

the
underlying

m
athem

atics
has

changed,

from
system

s
of

p
o
lyn

o
m

ial
equations,

to

d
iff

eren
tial/

in
teg

ral
equations

the
overall

approach
is

the
sam

e:

e
=

m
+

c

ie.

engineering
=

m
odel

fi
rst,

then
calculate

...

M
oreover,

via
the

L
aplace

transform
w
e

get
back

to
p
o
lyn

o
m

ial
equations

again.
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e
=

m
+

c
challenges

A
“notation

problem
”:

m
athem

atical
m

odelling

requires
descriptive

notations,
therefore:

intuitive

dom
ain-sp

ecifi
c



In
tro

d
u
ction

P
rob

lem
-solvin

g
L
ibro

d
e

A
lgebra

“U
t

facian
t

op
u
s

sign
a”

e
=

m
+

c
P
F
-tran

sform

e
=

m
+

c
challenges

A
“notation

problem
”:

m
athem

atical
m

odelling

requires
descriptive

notations,
therefore:

intuitive

dom
ain-sp

ecifi
c

calculation

requires
elegant

notations,
therefore:

sim
ple

and
com

pact

generic

cryptic,
otherw

ise
uneasy

to
m

anipulate
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e
=

m
+

c
challenges

A
“notation

problem
”:

m
athem

atical
m

odelling

requires
descriptive

notations,
therefore:

intuitive

dom
ain-sp

ecifi
c

calculation

requires
elegant

notations,
therefore:

sim
ple

and
com

pact

generic

cryptic,
otherw

ise
uneasy

to
m

anipulate

R
ecall

D
ijkstra’s

defi
nition

:
elegant

≡
sim

ple
and

rem
arkably

eff
ective
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Q
uoting

K
reyszig’s

book,
p.242

“(...)
T

he
L
aplace

transform
ation

is
a

m
ethod

for
solving

diff
erential

equations
(...)

[w
hich]

consists
of

three
m

ain
steps:

1st
step.

T
he

given
“hard”

problem
is

transform
ed

into
a

“sim
ple”

equation
(subsidiary

equation).
2nd

step.
T

he
subsidiary

equation
is

solved
by

p
u
rely

alg
ebraic

m
anipulations.

3rd
step.

T
he

solution
of

the
subsidiary

equation
is

transform
ed

back
to

obtain
the

solution
of

the
given

problem
.

In
this

w
ay

the
L
aplace

transform
ation

reduces
the

problem
of

solving
a

diff
erential

equation
to

an
alg

ebraic
pro

b
lem

”.
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Q
uestion

A
ll

w
e

have
said

applies
to

physics,
m

echanical
eng.,

civil
eng.,

electrical
and

electronic
eng.
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A
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w
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applies
to

physics,
m

echanical
eng.,

civil
eng.,

electrical
and

electronic
eng.

W
hat

ab
out

us?
(softw

are
en

gin
eers)
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Q
uestion

A
ll

w
e

have
said

applies
to

physics,
m

echanical
eng.,

civil
eng.,

electrical
and

electronic
eng.

W
hat

ab
out

us?
(softw

are
en

gin
eers)

C
oncerning

descriptive
notation,

com
pare

the
follow

ing
(already

unifi
ed

into
the

“E
indhoven

quantifi
er

notation”)
expressions:

〈
∫

x
:

0
<

x
<

10
:

x
2〉

〈∀
x

:
0

<
x

<
10

:
x

2
≥

x〉

b
+

a
≡

〈∀
x

:
x

∈
b

:
x

∈
a〉
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N
eed

for
a

transform

A
re

form
ulæ

such
as

eg.
b

+
a

≡
〈∀

x
:

x
∈

b
:

x
∈

a〉
am

enable
to

calculation?
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N
eed

for
a

transform

A
re

form
ulæ

such
as

eg.
b

+
a

≡
〈∀

x
:

x
∈

b
:

x
∈

a〉
am

enable
to

calculation?

P
erhaps

not

T
hey

are
good

for
descriptive

purp
oses,

eg.
invariants

on
data

structures,
pre-conditions

etc.

Is
there

an
s-space

equivalent
for

logical
quantifi

cation?
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N
eed

for
a

transform

A
re

form
ulæ

such
as

eg.
b

+
a

≡
〈∀

x
:

x
∈

b
:

x
∈

a〉
am

enable
to

calculation?

P
erhaps

not

T
hey

are
good

for
descriptive

purp
oses,

eg.
invariants

on
data

structures,
pre-conditions

etc.

Is
there

an
s-space

equivalent
for

logical
quantifi

cation?

Y
es:

just
resort

the
P
F
-transform

P
F

(
b

+
a

≡
〈∀

x
:

x
∈

b
:

x
∈

a〉
)

=
+

=
∈
\
∈

T
he

variables
(p

oints)
and

the
quantifi

cation
have

gone
(P

F
=

“p
oint+

free”)
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A
transform

for
logic

and
set-theory

T
he

p
ointfree

transform
adopted

in
the

sequel
is

at
the

heels
of

old
reasoning

techniques
such

as
the

L
aplace

transform
.

S
et-theory-form

ulated
concepts

are
regarded

as
“hard”

problem
s

to
b
e

transform
ed

into
“sim

ple”,
subsidiary

equations
disp

ensing
w

ith
p
oints

and
involving

only
binary

relations.

A
s

in
the

L
aplace

transform
ation,

these
are

solved
by

purely
algebraic

m
anipulations

T
he

outcom
e

is
m

app
ed

back
to

the
original

(descriptive)
m

athem
atical

space
w

herever
required.
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A
transform

for
set-theory

A
n

old
idea:

P
F

(sets,
predicates)

=
p
ointfree

binary
relations

C
alculus

of
binary

relations
B

A
R

##
:

1860
-

introduced
by

D
e

M
organ,

em
bryonic

1870
-

P
eirce

fi
nds

interesting
equational

law
s

1941
-

T
arski’s

school,
cf.

A
F
orm

alization
of

S
et

T
heory

w
ithout

V
ariables

1980’s
-

corefl
exive

m
odels

of
sets

(F
reyd

and
S
cedrov,

E
indhoven

M
P
C

group
and

others)
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B
inary

R
elations

A
rrow

B
A

R
##

denotes
a

binary
relation

to
B

(target)
from

A
(source).

b
R

a
m

eans
that

pair〈b
,a〉

is
in

R
,
eg.

1
≤

2

J
o
h
n

IsF
atherO

f
M
a
r
y

3
=

(1+
)

2

C
o
n
verse

of
R

—
R

◦
such

that
a(R

◦)b
iff

b
R

a.

“R
at

m
ost

S
”

—
the

obvious
R

⊆
S

ord
erin

g
.
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a”

e
=

m
+

c
P
F
-tran

sform

S
om

e
form

ulæ
and

their
P
F
-transform

f
P
F

f

〈∃
a

:
:

b
R

a
∧

a
S

c〉
b
(R

·S
)c

〈∀
a,b

:
b

R
a

:
b

S
a〉

R
⊆

S
〈∀

a
:
:

a
R

a〉
id

⊆
R

〈∀
x

:
x

R
b

:
x

S
a〉

b
(R

\
S
)a

〈∀
c

:
b

R
c

:
a

S
c〉

a(S
/

R
)b

b
R

a
∧

c
S

a
(b

,c)〈R
,S〉a

b
R

a
∧

b
S

a
b

(R
∩

S
)

a
b

R
a
∨

b
S

a
b

(R
∪

S
)

a
(f

b
)

R
(g

a)
b
(f

◦·R
·g

)a
T

r
u
e

b
3

a
F
a
l
s
e

b
⊥

a
b〈µ

X
:
:

...R
...X

...S
...〉a

b
[[

R
,S

]]a

w
here

id
such

that
R
·id

=
id

·R
=

R
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S
ets

and
predicates

M
eaning

of

P
redicates

A
φ

!!B
ool

is
transform

ed
into

corefl
exive

relation
[[φ

]]⊆
id

such
that

b
[[φ

]]a
≡

(b
=

a)∧
(φ

a).
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S
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and
predicates

M
eaning

of

P
redicates

A
φ

!!B
ool

is
transform

ed
into

corefl
exive

relation
[[φ

]]⊆
id

such
that

b
[[φ

]]a
≡

(b
=

a)∧
(φ

a).

E
xam

ple:

[[n
!≤

1]]
=

!"#$
%&'(
0
!!

!"#$
%&'(
1
!!
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F
-tran

sform

S
ets

and
predicates

M
eaning

of

P
redicates

A
φ

!!B
ool

is
transform

ed
into

corefl
exive

relation
[[φ

]]⊆
id

such
that

b
[[φ

]]a
≡

(b
=

a)∧
(φ

a).

E
xam

ple:

[[n
!≤

1]]
=

!"#$
%&'(
0
!!

!"#$
%&'(
1
!!

S
ets

T
he

m
eaning

of
a

set
S

⊆
A

is
the

m
eaning

of
its

characteristic
predicate

[[λ
a.a

∈
S
]],

that
is,

b
[[S

]]a
≡

(b
=

a)∧
a
∈

S
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m
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c
P
F
-tran

sform

B
ack

to
“quien

sabe
por

A
lgebra,

sabe
scientificam

ente”

U
seful

“al-djabr”
rules

f
·R

⊆
S

≡
R

⊆
f
◦

·S

R
·

f
◦

⊆
S

≡
R

⊆
S
·

f

T
·R

⊆
S

≡
R

⊆
T

\
S

etc
—

(now
adays)

christened
as

G
alo

is
co

n
n
ectio

n
s.

E
variste

G
alois

(1811-1832)
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B
ack

to
basics

W
hich

areas
of

com
puting

have
now

adays
w
ell-established,

w
idespread

theories
taught

in
undergraduate

courses
?

P
arsers

and
com

pilers

R
elational

databases

W
hat

are
our

“E
uclidean

E
lem

ents”
?

P
erhaps

M
aier’s

T
h
e

T
h
eory

o
f
R
elatio

n
al

D
atab

ases
(1983)

A
ho

and
U

llm
an’s

T
h
e

T
h
eory

o
f
P
arsin

g
,
T
ran

slatio
n
,
an

d
C
o
m

p
ilin

g
(1

9
7
2
)
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B
ack

to
basics

W
hich

areas
of

com
puting

have
now

adays
w
ell-established,

w
idespread

theories
taught

in
undergraduate

courses
?

P
arsers

and
com

pilers

R
elational

databases

W
hat

are
our

“E
uclidean

E
lem

ents”
?

P
erhaps

M
aier’s

T
h
e

T
h
eory

o
f
R
elatio

n
al

D
atab

ases
(1983)

A
ho

and
U

llm
an’s

T
h
e

T
h
eory

o
f
P
arsin

g
,
T
ran

slatio
n
,
an

d
C
o
m

p
ilin

g
(1

9
7
2
)

F
or

lesser
a

num
b
er

of
p
eople,

1976
w
as

a
vintage

year:

D
ijkstra’s

A
D

iscip
lin

e
o
f
P
ro

g
ram

m
in

g
(1976)

W
irth’s

A
lg

orith
m

s
+

D
ata

S
tru

ctu
res

=
P
ro

g
ram

s
(1976)
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sform

B
ack

to
basics

W
hich

areas
of

com
puting

have
now

adays
w
ell-established,

w
idespread

theories
taught

in
undergraduate

courses
?

P
arsers

and
com

pilers

R
elational

databases

W
hat

are
our

“E
uclidean

E
lem

ents”
?

P
erhaps

M
aier’s

T
h
e

T
h
eory

o
f
R
elatio

n
al

D
atab

ases
(1983)

A
ho

and
U

llm
an’s

T
h
e

T
h
eory

o
f
P
arsin

g
,
T
ran

slatio
n
,
an

d
C
o
m

p
ilin

g
(1

9
7
2
)

F
or

lesser
a

num
b
er

of
p
eople,

1976
w
as

a
vintage

year:

D
ijkstra’s

A
D

iscip
lin

e
o
f
P
ro

g
ram

m
in

g
(1976)

W
irth’s

A
lg

orith
m

s
+

D
ata

S
tru

ctu
res

=
P
ro

g
ram

s
(1976)

L
et

us
have

a
go

at
M

aier’s
“E

lem
ents”

...
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sform

E
xam

ple
1:

F
D

s
in

R
D

B
theory

G
iven

relational
tableT

=

...
x

...
y

...
...

a
...

b
...

...
b

...
b

...
...

...
...

...
...

this
is

said
to

satisfy
functional

dep
endency

x
→

y
iff

all
pairs

of
tuples

t,t
′∈

T
w

hich
“agree”

on
x

also
“agree”

on
y
,
that

is,

〈∀
t,t

′
:

t,t
′∈

T
:

t[x
]
=

t
′[x

]
⇒

t[y
]
=

t
′[y

]
〉
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=

m
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P
F
-tran

sform

T
he

role
of

functions

F
rom

D
atab

ase
S
ystem

s:
T

h
e

C
o
m

p
lete

B
o
o
k

by
G
arcia-M

olina,
U

llm
an

and
W

idom
(2002),

p.
87:

W
h
at

Is
“
F
u
n
ctio

n
al”

A
b
o
u
t

F
u
n
ctio

n
al

D
ep

en
d
en

cies?

A
1
A
2
·
·
·
A
n

→
B
is
called

a
“functionaldependency”because

in
principle

there
is
a

function
thattakes

a
listofvalues

[...]
and

produces
a
unique

value
(orno

value
atall)for

B
[...]

However,this
function

is
notthe

usualsortoffunction
thatwe

m
eetin

m
athem

atics,
because

there
is
no
way

to
com

pute
itfrom

firstprinciples.[...]
Rather,the

function
is
only

com
puted

by
lookup

in
the

relation
[...]

H
ow

ever,

N
o

advantage
is

taken
of

the
rich

calculus
of

functions

In
fact,

functions
are

everyw
here

in
F
D

theory:

as
attributes

as
the

F
D

s
them

selves
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Functions
in

one
slide

A
function

f
is

a
binary

relation
such

that

P
ointw

ise
P
ointfree

“L
eft”

U
niqueness

b
f

a
∧

b
′
f

a
⇒

b
=

b
′

im
g
f

⊆
id

(f
is

sim
ple)

L
eibniz

principle
a

=
a
′

⇒
f

a
=

f
a
′

id
⊆

kerf
(f

is
entire)

equivalent
to

G
C
s

f
·R

⊆
S

≡
R

⊆
f
◦
·S

R
·f

◦
⊆

S
≡

R
⊆

S
·f

(N
B
:
kerf

=
im

g
f
◦

=
f
◦
·f

m
easures

f’s
injectivity).
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sform

P
ointfree,

generic
F
D

s

In
F
irst

steps
in

p
ointfree

data
dep

endence
theory

(P
U

R
e

project
technical

rep
ort)

I
calculate

the
P
F
-transform

of

〈∀
t,t

′
:

t,t
′∈

T
:

t[x
]
=

t
′[x

]
⇒

t[y
]
=

t
′[y

]
〉

w
hich

shrinks
to

P
F

functional
dep

endency

x
R⇀

y
≡

y
≤

x
·R

◦

w
here

R
≤

S

is
the

“injectivity”
preorder.
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M
V
D

definition
—

M
aier

(1983)

A
n

n
-ary

relation
T

is
said

to
satisfy

the
m

ulti-valued
dep

endency
(M

V
D

)
x

→→
y

iff
,
for

any
tw

o
tuples

t,t
′∈

T
w

hich
“agree”

on
x

there
exists

a
tuple

t
′′∈

T
w

hich
“agrees”

w
ith

t
on

xy
and

“agrees”
w

ith
t
′
on

S
−

xy
,
that

is,

〈∀
t,t

′
:

t,t
′∈

T
:

t[x
]
=

t
′[x

]
⇓

〈∃
t
′′

:
t
′′∈

T
:

t[xy
]
=

t
′′[xy

]∧
t
′′[S

−
xy

]
=

t
′[S

−
xy

]
〉

x
y

S
−

xy

t
α

β
γ

t
′′

α
β

γ
′

t
′

α
β
′

γ
′
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M
V
D

definition
—

B
eeri,

Fagin
&

H
ow

ard
(1977)

G
iven

subsets
x
,y

⊆
S

of
the

relation
schem

e
S
,
let

z
=

S
−

xy
.

A
n

n
-ary

relation
T

is
said

to
satisfy

the
m

ulti-valued
dep

endency
(M

V
D

)
x

→→
y

iff
,
for

every
xz-value

ab
,
that

app
ears

in
T

,
w
e

have
Y

(ab
)
=

Y
(a),

w
here

for
every

k
⊆

S
and

k
-value

c,
w
e

defi
ne

Y
(c)

=
{y

|〈∃
u

:
u

∈
T

:
u
[k

]
=

c
∧

u
[y

]
=

y〉}
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M
V
D

definition
—

B
eeri,

Fagin
&

H
ow

ard
(1977)

G
iven

subsets
x
,y

⊆
S

of
the

relation
schem

e
S
,
let

z
=

S
−

xy
.

A
n

n
-ary

relation
T

is
said

to
satisfy

the
m

ulti-valued
dep

endency
(M

V
D

)
x

→→
y

iff
,
for

every
xz-value

ab
,
that

app
ears

in
T

,
w
e

have
Y

(ab
)
=

Y
(a),

w
here

for
every

k
⊆

S
and

k
-value

c,
w
e

defi
ne

Y
(c)

=
{y

|〈∃
u

:
u

∈
T

:
u
[k

]
=

c
∧

u
[y

]
=

y〉}

Q
uestion

A
re

these
“the

sam
e”

defi
nition?

M
aier

⇒
B

eeri,
F
agin

&
H

ow
ard?

M
aier

⇐
B

eeri,
F
agin

&
H

ow
ard?

M
aier

≡
B

eeri,
F
agin

&
H

ow
ard?
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sform

A
P
F
-transform

check
of

M
V
D

definition

B
ear

in
m

ind
the

follow
ing

tw
o

P
F
-transform

rules:

“G
uarded”

com
p
osition

G
ivenbinary

relations
B

A
R

##
and

A
C

S
##

predicate
B
ool

A
φ

##
(ie.

corefl
exive

Φ
)

T
hen,

for
all

b
∈

B
and

c
∈

C
,

〈∃
a

:
φ

a
:

b
R

a
∧

a
S
c〉

P
F
-transform

s
to

b
(R

·Φ
·S

)c
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sform

A
P
F
-transform

check

“G
uarded

‘at
m

ost”’

G
ivenbinary

relations
B

A
R

,S
##

predicates
B

ool
A

ψ
##

and
B

ool
B

φ
##

(ie.,
corefl

exives
Ψ

and
Φ

,
resp

ectively)

T
hen

〈∀
b
,a

:
(φ

b
)∧

(ψ
a)

:
b

R
a
⇒

b
S

a〉

P
F
-transform

s
to

Φ
·R

·Ψ
⊆

S
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sform

M
V
D

s
P
F
-transform

ed

L
et

us
abbreviate

S
−

xy
to

z
in

M
aier’s

defi
nition

〈∀
t,t

′
:

t,t
′∈

T
:

t[x
]
=

t
′[x

]
⇓

〈∃
t
′′

:
t
′′∈

T
:

t[xy
]
=

t
′′[xy

]∧
t
′′[z]

=
t
′[z]

〉

〉

and
recall

f
P
F

f

(f
b
)

R
(g

a)
b
(f

◦·R
·g

)a
that

is,

(f
b
)
=

(f
a)

≡
b
(f

◦·f)a
.

T
hanks

to
the

“guarded
rules”

ab
ove

and
abbreviating

functional
split

〈x
,y〉

by
xy

w
e

obtain,
in

sequence:
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=
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sform

M
V
D

s
P
F
-transform

ed

P
F
-transform

,
S
tep

1

x
T⇀⇀

y
≡

〈∀
t,t

′
:

t,t
′∈

T
:

t[x
]
=

t
′[x

]⇒
〈∃

t”
:

...
:

...〉〉

≡
{

“guarded
rules”

+
p
oint

rem
oval

}

T
·(kerx

)·T
⊆

(kerxy
)·T

·(kerz)

≡
{

kernel
unfolding

}

T
·x

◦·x
·T

⊆
xy

◦·xy
·T

·z
◦·z

≡
{

“al-djabr”
}

xy
·T

·x
◦·x

·T
·z

◦
⊆

xy
·T

·z
◦



In
tro

d
u
ction

P
rob

lem
-solvin

g
L
ibro

d
e

A
lgebra

“U
t

facian
t

op
u
s

sign
a”

e
=

m
+

c
P
F
-tran

sform

M
V
D

s
P
F
-transform

ed

H
aving

com
pleted

step
1

of
the

P
F
-transform

,
w
e

now
“let

the
sym

b
ols

do
the

w
ork”:

since
y

and
z

are
interchangeable

—
see

P
ointfree

F
oundations

for
L
ossless

D
ecom

p
osition

(forthcom
ing)

—
w
e

have

S
tep

2

xy
·T

·x
◦·x

·T
·z

◦
⊆

xy
·T

·z
◦

≡
{

sw
ap

y
and

z
and

take
converses

}

y
·T

·x
◦·x

·T
·xz

◦
⊆

y
·T

·xz
◦

≡
{

T
=

T
·T

◦
since

T
is

corefl
exive

}

y
·T

·x
◦·π

1 ·xz
·T

·T
◦·xz

◦
⊆

y
·T

·xz
◦

≡
{

please
turn

over}
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=
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S
tep

2
(cont.)

y
·T

·x
◦·π

1 ·xz
·T

·T
◦·xz

◦
⊆

y
·T

·xz
◦

≡
{

introduce
im

age
and

the
p
ow

er-transp
ose

}

Λ
(y

·T
·x

◦·π
1 )·im

g
(xz

·T
)

⊆
Λ
(y

·T
·xz

◦)

≡
{

defi
ne

λ
f
,g T

=
Λ
(f

·T
·g

◦)
;
“al-djabr”

}

im
g
(xz

·T
)

⊆
(λ

y
,x T

·π
1 )

◦·(λ
y
,x

z T
)

T
his

com
pletes

step
2

of
the

P
F
-transform

.
N

ow
w
e

go
back

to
p
oints

(step
3):
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=
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S
tep

3

im
g
(xz

·T
)

⊆
(λ

y
,x T

·π
1 )

◦
·λ

y
,xz T

≡
{

reverse
P
F
-transform

(for
T

corefl
exive,

xz
·T

is
sim

ple
)
}

〈∀
k

:
k

im
g
(xz

·T
)

k
:

(λ
y
,x T

·π
1 )k

=
(λ

y
,xz T

)k〉

≡
{

reverse
P
F
-transform

of
the

im
age

of
xz

·T
}

〈∀
k

:
〈∃

t
:

t
∈

T
:

xz(t)
=

k〉
:

(λ
y
,x T

·π
1 )k

=
(λ

y
,xz T

)k〉

≡
{

renam
e

k
:=

(b
,a)

and
sim

plify
}

〈

∀
a,b

:
〈∃

t
:

t
∈

T
:

(x
t)

=
a
∧

(z
t)

=
b〉

:
(λ

y
,x T

)
a

=
(λ

y
,xz T

)(a,b
)

〉
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R
ecognizing

(λ
y
,x T

)a
as

Y
(a)

(etc)
in

the
original

defi
nition

by
B

eeri,
F
agin

&
H

ow
ard,

w
e

have
calculated:

A
nsw

er

M
aier

≡
B

eeri,
F
agin

&
H

ow
ard

N
o

cyclic
im

plication,
no

p
oints

—
just

“al-djabr”
equational

reasoning.
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Lossless
decom

position,
A
rm

strong
axiom

s,
etc

M
ore

details

P
F
-transform

ed
version

of
F
D

/M
V

D
theory

(and
its

generalization
b
eyond

database
theory)

w
ill

b
ecom

e
available

soon
in

research
pap

er
P
ointfree

F
oundations

for
L
ossless

D
ecom

p
osition

(forthcom
ing)

O
n-going

P
hD

theses

P
F

transform
and

applications
—

C
laudia

N
ecco

‘G
’alculator

—
P
aulo

S
ilva

P
F

program
refi

nem
ent

—
C
ésar

R
odrigues
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C
onclusion...A

lo
t

to
b
e

d
o
n
e!
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S
um

m
aryInvest

in
p
eren

n
ial

reasoning
strategies

N
eed

for
(com

plex)
theory

“re-factoring”

S
hift

from
“im

plication
fi
rst”

m
aths

to
“let

the
sym

b
ols

w
ork”

m
aths

R
ôle

of
tran

sform
s,

ab
stract

notation
and

abstract
patterns

(easier
to

sp
ot

al-djabr
rules)

S
tim

ulate
eleg

an
ce

in
m

athem
atics

(it
is

eff
ective!)

L
earn

w
ith

the
other

engineering
disciplines


