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NJy for IPC(—)

IPC: Intuitionistic propositional logic
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NJy with sequents for IPC(—)

[ set of formulas [ - © sequent
o - «
[ a—p [+ « (— E)
[ - 3
[,a F
- a—p
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Simple typed A-calculus, TA)

[ set of assignments

X:7ThF x:T

{1 F M:o— T [ F N:o

APP 1 o consistent
MUl - (MN):7 (APP) — rwr

e M:r
[—x F (Ax.M): (0 —T1)

(ABS) [ consistent with x : o

[ consistent with x : 7

(— E)=(APP), (— I)=(ABS)
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The Curry-Howard isomorphism

Formulas ~ Types

Proofs ~ Terms (Programs)

Normalizations ~ Computations
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Correspondence \ — =, IPC(—)

A TA)-deduction = M: 7

A; NJy-deduction defined by:

o M=xand Aisx:7 F x:7thenApis7 = 7

o M=PQ, I =T1UTl5, and the last step of A is
Al A2

1 FM:0—T7 [o - N:o
Ul F (MN): T
A, applying ( — E) to Aj, and to Ay,

(—
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Correspondence \ — =, IPC(—)

e M=Mx.P,7T=p— o, =1 — x and the last step of A is

Aq

MFPio /
1 —x F ()\X.P):(,0—>U)(_> )

A, applying ( — 1) to Ay, with p

If we use NJy without sequents we must discharge all as occurrences of p
in Ay, whose positions coincide with the free occurrences of x in P
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Examples

F(Axyz.xzy):(a—a—c)—a—a—c
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x:a—a—c - x:a—a—c z:al-z:a a—a—c k- a—a—c
x:a—a—c,z:a - (xz):a—c y:at y:a a—a—c,al a—c
x:a—a—c,z:a,y:a b (xzy):c a—a—c,a,al ¢
x:a—a—c,y:a b (Az.xzy):a—c a—a—c,al a—c
x:a—a—c - (A\yz.xzy):a—a—c a—a—ch a—a—c
= (Axyz.xzy):(a—a—c)—a—a—c F(a—a—c)—a—a—
- (Axyz.xzz):(a—a—c)—a—a—c
X:a—a—c - x:a—a—c z:al-z:a a—a—c k- a—a—c
z:al z:a a—a—c,at a—c

x:a—a—c,z:a b (xz):a—c
x:a—a—c,z:a - (xzz):c
x:a—a—c F (Az.xzz):a—c
x:a—a—c F (\yz.xzz):a—a—c
F (Axyz.xzz):(a—a—c)—a—a—c
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a—a—c,al c
a—a—ctk a—c
a—a—ctk a—a—c
F(a—a—c)—a—a—

Session 3 8/ 23



Examples

NJy without sequents

z:al-z:a [a—>a—>c](3) [a](l)

X:a—a—c - x:a—a—c
x:a—a—c,z:a b (xz):a—c y:aly:a a—c [a](@)
x:a—a—c,z:a,y:a b (xzy):c C
x:a—a—c,y:at (Az.xzy):a—c a—c)
x:a—a—c F (\yz.xzy):a—a—c
F (Axyz.xzy):(a—a—c)—a—a—c

a—a—c®
(a—a—c)—a—a—c)

X:a—a—c - x:a—a—c z:alb z:a [a—a—c]®) [a]V)
x:a—a—c,z:a F (xz):a—c zialb z:a a—c [a](D)
x:a—a—c,z:a - (xzz):c c
x:a—a—c b (A\z.xzz):a—c a—c(W
a—a—c(?

x:a—a—c  (A\yz.xzz):a—a—c
F (Axyz.xzz):(a—a—c)—a—a—c

(a—>a—>c)—>a—>a—>c(3)

Note: The correspondence (), is not injective !
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A NJy(—)-deduction of ' - 7
A\TA)-deduction of " = M : 7, where [' = {x: 7|7 €T}, and defined
by:

@ ifAisl,7 F 7 there are two subcases:

@ rclThenAyisT' F x:7
Q@ 7¢Tl. Then Ayisl,x:7 F x:7
@ The last step of A is ( — E) applied to the conclusion of A; and of
As and Aj, and Aj, are deductions of
MFM:oc—r L F N:o
apply (APP) to A1, and A, after substituting all variables by new
ones, and then

Mur, - MN:7
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@ The derivation ends in A'is ( — /)

Aq

[,p F o
[ F p—o

We consider two subcases:

©Q p cI. Then by the induction hypothesis the conclusion of Aj, is
"F P:o,withv;:pelev;e FV(P), 1< i< k. We can modify
Ay, for a deduction of [",x : p = P*: o, where x is a new variable
and

P* =[x/v1,...,x/v]P
Aplying (ABS): T" F (Ax.P*):p— 0o
@ p &T. Then the conclusion of Ay, is’,x:p F P: o and applying

(ABS) we have
" (M&P):p—o
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Examples
a,al a
aFa—a
Fa—a—a

()» = type inferences for Axy.x and Ayx.x:

x:a,y:at x:a x:a,y:at y:a
x:a-A\y.x:a—a x:a-\y.y:a—a
F Axy.x:a—a—a F Axy.y:a—a—a

The two inferences can be distinguished in NJy using the structural rules
or if we consider NJy without sequents:

[a](l) [a](l)
_a—a® _a—all)
3—a—a(1) a—a—23a(2)

Empty discharges correspond to the weakening rule.
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Curry-Howard Isomorphism Theorem

@ The provable formulae of IPC are exactly the types of closed A-terms.

Q o1,...,0, F T iff exists M such that x; : 01,...,X,:0, & M: T
© For all deductions:
AL)\ =a A
Ay, =A
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Curry-Howard Isomorphism

TA, IPC( —)
types formulas
term variables assumptions
terms deduction (construction)
inhabitants Proofs
typable term deduction for a formula
type constructor connective
redex deduction with redundances
reduction normalization
normal form normal form derivation

Inhabitation = Is there a term for this type?

Typability=Is there a type for this term?

Nelma Moreira (DCC-FC) PSVC-08- Lec. 3- Part Il Session 3 14 / 23



Normalization versus Reduction

(3 reduction
(Ax.t)u — 3 t[u/x]
As...Ap

Ay

Ao

Aq
[ xolF tT o . :
F uo
[ Mx.tio—oT )
ek (Ax.t)u:r = MO+ tlu/x]:7
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Extension to A(—, A, V)

Extending the simple typesto o A 7 (or o x T7) andto o V 7 (or o + 7)

Extending the simple-typed A-terms to pairs and disjoint sums:

@ If M:7 and N : o are A\-terms, then < M, N >: 7 A o is a A-term
o If M:7 A o, then m11(M) : 7, ma(M) : o are A-terms

o If M: 7, then in]V?(M):7 V ois a \-term.

o If M: o, then inJVo(M):7 V oisum A-term

o IfM:7V o, L:7— 7 and K: 0 — 7 are A\-terms, then

case(M, x.L,y.K) : 7/ where x and y are variables (of types 7 and o)

Note that here it is not possible to write the above terms only with
abstractions and applications, as one can do in the pure A-calculus (Why?)
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Inference rules

The inference rules correspond to AN E, A, VI e V E labelled with
terms...

[-M:o T FN:T

[ < M,N>0 AT M
r|—MIO'/\7'E r}—M:J/\TE
A A
FremM):oc” " T FmM):r
= M:r - M:o
YA I Vi

= inf]Vo(M):7 Vo = infVo(M):7 Vo

['EM:7 Vo [ x:7 F L:vy y:oF K:vy
v

E
[+ case(M;x.L,y.K) :~
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Reduction rules

The notion of redex extends to the new constructors/destructors:

mi(< M;N >) — M

m(< M,N >) — N
case(in] Y 7(N); x.L,y.K) — L[N/x]
case(iny Y 7 (N); x.L,y.K) — K[N/y]
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C-H isomorphism: other variations and extensions

@ Hilbert-style axiomatic systems and combinatory logic systems
(IPC( — )corresponds to {B,C, K, W})

@ sequents calculi

@ Propositional classical logic (1990)

@ First-order intuitionistic logic correspond to dependent type systems

@ Second order intuitionistic propositional logic corresponds to
polymorphic type systems (system F)
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Some sub-structural logics

M-terms: for each subterm Ax.M, x occurs free in M at least once

BCK)\-terms: for each subterm Ax.M, x occurs free in M at most once
and each free variable occurs only once

BCI\-terms (linear): BCK e Al
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The restriction of this classes to TA,, corresponds to several logic systems:
Relevance Logic (R-,): IPC( — )where it is forbidden empty discharges,
i.e the weakening rule is forbidden.

BCK Logic: IPC( — )where multiple discharges are forbidden: or empty
or of only an assumption; i.e the contraction rule is forbidden.

BCI Logic: IPC( — )where each discharge is of one assumption, i.e the
contraction rule is forbidden and left empty sequents are also

forbidden.
BCl C BCK C IPC( — )(= BCKW)
BCIC R, CIPC(—)
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By the Curry-Howard isomorphism:
theorems closed-terms types
R_. Al-terms
BCK BCKA\-terms
BCI BCI\-terms
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