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Basic rules of the PF-transform

¢ | PF ¢
(Ja :: bRanaSc) b(R-S)c
(Wa,b :: bRa=bS a) RCS
(Va: aRa) id CR
bRaAcS§S a (b,c)(R,S)a
bRaANndSc (b,d)(R x S)(a,c¢)
bRaAbS a b(RNS) a
bRaVvbs§a b(RUS) a
(f b) R (g a) b(f°-R-g)a
TRUE bTa
FALSE bl a

Applications



Context

Question

e The PF-transform seems applicable to transforming binary
predicates only, easily converted to binary relations, eg.
o(y,x) 2 y —1 = 2x which transforms to function
y =2x+1, etc.

e What about transforming predicates such as the following
(Vx,y : y=2xANevenx: eveny) (1)

expressing the fact that function y = 2x preserves even
numbers, where even x 2 rem(x,2) = 0 is a unary predicate?
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Observation

e As already noted, (1) is a proposition stating that function
y = 2x preserves even numbers.

e In general, a function A<f— A is said to preserve a given
predicate ¢ iff the following holds:

Vx s bx 6 (F X)) 2)
e Proposition (2) is itself a particular case of
¥ x s xsw(F ) 3)

which states that f ensures property 1) on its output
everytime property ¢ holds on its input.
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Answer

First PF-transform scope:

Yy = 2x A even x

{ F-one-point }

(3z : z=x: y=2zNAeven z)

{ F-trading ; introduce [even] }
(3z ©» y=2zAN z=xNevenz)
~—_—

z[even]x

{ composition ; introduce twice z & 2z }

y/(twice - [even])x

. [even]
cf. diagram Ng =—— Ng

twice l

No

Applications
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Now the whole thing

(Vx,y : y=2xNevenx: eveny)
{ above }

(V x,y : y(twice - [even])x : even y)
{ F-one-point }

(Vx,y : y(twice - [even|)x: (3z : z=y: even z))
{ predicate calculus: pATRUE=p }

Applications

(V x,y : y(twice - [even])x: (3z :: z=y Aeven z A\ TRUE))

{ T is the top relation }
(V x,y : y(twice - [even])x: (3 z == y[even|z AzTx))

{ composition }
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Now the whole thing

(V x,y : y(twice - [even])x : y([even] - T)x)

{ go pointfree (inclusion) }
twice - [even] C [even]-T
cf. diagram

N, o el N,

twice l - l T

No<— Ny

[even]

Applications
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In summary

In the calculation above, unary predicate even has been
PF-transformed in two ways:

e [even| such that
z[even|x & z=xAevenz

— that is, [even] is a coreflexive relation;

e [even] - T, which is such that
z([even] - T)x = even z

— a so-called (left) condition.

Applications



Coreflexives

Coreflexives

The PF-transformation of unary predicates to fragments of id
coreflexives) is captured by the following universal property:

d=[p]l = (yox=y=xApy) (4)
Via cancellation, (4) yields
ylplx = y=xApy (5)

A set S can also be PF-transformed into a coreflexive by
calculating [(€ S)], cf. eg. the transform of set {1,2,3,4}:

v

[]_ <x< 4—| e (4,4)

Coreflexive for
set{1,2,3,4}




Coreflexives

Exercises

Exercise 1: Let false be the “everywhere false” predicate such that
false x = FALSE for all x, that is, false = FALSE. Use (4) to show that
[false] = L.

U

Exercise 2: Given a set S, let ®s abbreviate coreflexive [(€ S)].
Calculate ¢{172} : ¢{273}.
O

Exercise 3: Solve (4) for p under substitution ® := id.
(]
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Boolean algebra of coreflexives

Context

Building up one the exercises above, from (4) one easily draws:

[pAql = [p]-[q] (6)
[pVaql = [plU]q] (7)
[—p] = id —[p] (8)
[false] = L (9)
[true] = id (10)

where p, g are predicates.

(Note the slight, obvious abuse in notation.)
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Basic properties of coreflexives

Let ®, W be coreflexive relations. Then the following properties
hold:

e Coreflexives are symmetric and transitive:

P°=0=0-0 (11)
e Meet of two coreflexives is composition:

PNV=0¢.V (12)
e Closure properties:

R®CS = R-dCS o (13)
®.RCS = ¢-RC-S (14)
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Coreflexives for data flow control

Coreflexives are very handy in controlling information flow in
PF-expressions, as the following two PF-transform rules show,
given two suitably typed coreflexives ® = [¢] and W = [¢]:

e Guarded composition: for all b, ¢
(Fa : ¢pa: bRanaSc) = b(R-d-S)c (15)
e Guarded inclusion:

(Vba: ¢bApa: bRa=bS$ a)
=¢-R-VCS (16)

See next slide for some related terminology.
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Projection and selection

The following relational operators capture two useful relational
patterns involving relations, coreflexives and functions:

e Selection:
owoR 2 W.R-® B<E_x (17)
v lcb
B SeoR A
e Projection:
TefR & g R-f°  B<S—A (18)
gl lf
C D
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Projection and selection

Set-theoretical meaning of selection and projection, for W = [1)]
and ¢ = [¢]:

ovoR = {(b,a):bRany bA¢ a} (19)
{(g b,f a): bR a} (20)

g R
Let us check (19):
ov.oR
= { set theoretical meaning of a relation }
{(b,a) : b(ow.eR)a}
= { definition (17) }
{(b,a) : b(V-R-®)a}

= { composition }
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Projection and selection

{(bya): (3 c : bWc: ¢c(R-P)a)}

= { coreflexive ¥ = [¢] (4) ; I-trading }
{(b;a): (3 c : b=c: YvbAc(R-P)a)}

= { F-one-point ; composition again }
{(b,a): ¢ bA(3d :: bRdANd P a)}

= { coreflexive ® = [¢] (4) ; I-trading }

{(b,a) v bA(3d : d=a: bRdA® a)}
{ F-one-point ; trivia }

{(b,a):yy bAb R an¢ a}

Exercise 4: Check (20).
O
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Two useful coreflexives

Domain:
OR & kerRNid (21)
Range:
pR 2 imgRNid (22)
Facts:
SR = p(RY) (23)
S(R-S) = d(0R-S) (24)
p(R-S) = p(R-pS) (25)
R = R-(6R) (26)

R = (pR)-R (27)
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Relating coreflexives with conditions

Pre and post restriction:

R = RNT-¢
V.-R = RNV.-T

Domain/range elimination:

T-0R = T-R
pR-T = R-T

Mapping back and forward:
dCV = dCT-V

Applications

(28)
(29)

(30)
(31)

(32)

Exercise 5: Show that

JRC6S =R

N
-
n

holds.
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Application — satisfiability
In the pre/post specification style, by writing

Spec: (b: B) «— (a: A)
pre ...

post
we mean the definition of two predicates

pre-Spec : A— B
post-Spec : B x A— B

such that the satisfiability condition holds:

(Va:acA: pre-Spec a= (3 b : be B: post-Spec(b, a)))(34)
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Application — satisfiability

Let us abbreviate

[pre-Spec] by Pre

[post-Spec]| by Post

[(€ A)] by @4, which in general encompasses an invariant
associated to datatype A

[(e B)] by ®g, which in general encompasses an invariant
associated to datatype B

Then (34) PF-transforms to

A
Pre l/
A

L)
-

Pre-®, C T - ®pg - Post

A
l Post
B

<~— B<=——
T [OF

Applications
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Application — functional satisfiability

Case Pre = id, Post = f:

PpC T -Op-f
= { shunting (44) }
®4-fOCT bp

{ converses }
f.dpC g T

{ (45), since f - ®oCf }
f-opCFfNdg-T
= { (29) }

f-OpCOp-f

What does this mean?
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Functional satisfiability = invariant preservation

Let us introduce variables in f - &, C ¢p - f:

f-®pCO®p-f
{ shunting (43) }
PpCf°-bp-f

{ introduce variables }

(Vaa : adpa: (f a)dg(f d))
{ coreflexives (a =3a') }

(Va:: adaa=(f a)dp(f a))
{ meaning of ®a, &5 }

(Va : acA: (fa)eB)
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Invariant preservation

Another way to put it:
f-®o4 C P f
= { shunting }
f-du-f° C dp
{ coreflexives }

f-®p-05-° C &g

{ image definition }
img(f-®a) C dp

{ f-®4issimple }
p(f-®a) C ®p
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Invariant preservation

We will write “type declaration”

b <L b,
to mean
. D4
f-®p C &g f cf diagram A<—A
f lf
BW B
equivalent to both
f oy, C &g T
p(f-®4) C dp

Applications

(36)

(37)

(38)
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Exercises (ESC rules)

Exercise 6: Infer from (36) and properties (43) to (47) the following
ESC (extended static checking) properties:

Pp<l—DaUdgy, = Gp<l—da A dg<— gy (39)
Gg - Gpy<—— Dy = Gp <Dy A gy <— Dy (40)
O

Exercise 7: Using (37) and the relational version of McCarthy's
conditional combinator which follows,

p—f,g = f-[plug-[-p] (41)

infer the conditional ESC rule which follows:

bp ere b, = Pp - ®a-[p] N g -~ ®a-[-p](42)
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Exercises (ESC by calculation)

Exercise 8: Recall that our motivating ESC assertion (1) was stated
but not proved. Now that we know that (1) PF-transforms to

[even] Luice [even] and that [even] = p twice, complete the following

"almost no work at all” PF-calculation of (1):

Il
-
()
3
~ 3
. PR}
: T%
—~ —
()
<
o
]
PR}
Il
~
2
[9)
D
—
() :
< :
o -
3
=
N -
~
2
[2)
[0))

twice - [even] C [even] - twice

I
~
—

twice - [even| C p twice - twice
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Background

Applications

The following facts have been of help throughout this set of slides:

e Shunting rules:

f-RCS = RCf°-S
R-f°CS = RCS-f
e N-universal:
X CRNS = XCRAXCS
e U-universal:
RUS C X = RCX ASCX

e (R-)-distribution:

R-(SUT) = R-SUR-T

(43)
(44)

(45)
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