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SPECIFICATION AND MODELING

RELATIONAL LOGIC

s Adds to first-order logic combinators to build more complex predicates (aka
relational expressions) out of simpler ones

e Also adds closure operators, technically enhancing the expressive power of
first-order logic

s It can considerably simplify the specification of some constraints

e First-order logic specifications tend to be point-wise (lots of quantifiers) while
relational logic favours a more point-free style
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SYNTAX

Category Identifier
Unary (relational) expressions A B, ...
Higher-arity (relational) expressions DV, ...




D(ty, ..., tae))

|| =1

| dcCV¥ ar(®) = ar(V¥)
| &=V ar(®) = ar(¥)
| Pl <1

| |P| >1

| [®l=0

|

|
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| d,UD, ar(®) = ar(¥)
| D, Nd, ar(P) = ar(V¥)
| &\ P, ar(®) = ar(¥)
| &, xb,

| &,. D, ar(d) +ar(¥) > 2
| A<d

| drA

|  P° ar(P) =2

| o ar(d) =2

| ®* ar(®) =2

|

{X1, oo xn | @}
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SEMANTICS

MAEDPCVY
MAEDP=Y
MAE|D| <1
M,A |=|D] =1
MARE|P| =0

M, A= [P =1

M, A |E VX, ., Xar(o).-
D(Xa5 v s Xar(d)) — Y (X4, ..., Xar(d))
MAREDPCYAYCD
M, A |= Vi, ... s Xar(®)s Y15 -+ > Yar(d)-
DX, - s Xar(@)) A P15 o0 s Var(e)) —
X1 = Y1 A oo A Xar(d) = Yar(d)
M, A E I, o Xar()-P(Xa, ooy Xar(a))
M, A = =(|P| = 1)
MARE|P| <1A|P| 21
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SEMANTICS

M, A |= P(ty, ..., tn)
M, A = x(t)

MA = (PUY)L, ..., t,)
MA = (PNY)(t,...,t,)
MA = (P\Y)t,...,t)
M A= (P xY)ty, ..., t,)
MAE(@.Y)(t,...,t,)

M, A= (A<P)(ty, ..., t,)

M, A = (D> A)ty, ..., t,)

M, A |= (P°)(t,u)

M, A |= (DF)(t, u)

M, A |= (P*)(t,u)

M, A = { X5 oo Xn | @1, .., t0)

(IIt1]]M,&’1’ e [[tn]]M,ﬂ) € I(P)
MAEx=t
M, A = D(ty, ..., ty) V (L, ..., ty)
M, A = D(ty, ..., th) AW(ty, ..., tn)
M, A |= D(ty, ..., th) A=Y(ty, ..., tn)
M, A = P, ..., tar(cp)) A \V(tar(q;)ﬂ,
M, A |= DL, ..., tar@)—1, X)A

“|"(X, tar(d)s -+ » tn)
M, A = Alt)) A DP(ty, ..., t,)
M, A = D(ty, ..., t,) AA(tn)
M, A |= P(u,t)
MAE(PUDOUD.D.DU..)(LuU)
M A = () (t,u)vt=u
@[tr/X1, - s tn/Xn]

atn)
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SEMANTICS

e Itis more intuitive to assume the existence of a function [-]| o1 # that computes
the value of a relational expression in a model

M A D, ... 1) iff ([t]sa ... [tlma) € [PIma

e The following slides explain this function by example
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SEMANTICS BY EXAMPLE

A(x)

I (Trash)

T (Protected)
I (link)

[Trash U Protected]
[Trash N Protected]
[Trash \ Protected]

[x x Trash]

[Protected <« 1ink]
[link » Trash]

[tink°]

[{z,w|z=xA Trash(w)}]

File1

{(File1), (File2)}

{(File2),(File3)}

{(File1, File1),(File1, File2),(File2, File3)}

{(File1), (File2),(File3)}

{(File2)}

{(File1)}

{(File1, File1),(File1, File2)}

{(File2, File3)}

{(Filea, File1),(File1, File2)}

{(File1, File1),(File2, File1),(File3, File2)}
{(File1, File1),(File1, File2)}
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SEMANTICS BY EXAMPLE

Ax)

I (Trash)
I (link)
I (name)

[x . link]
[link . x]
[Trash . name]
[link . name]
[link . 1ink®]
[tink™]

File1

{(File1), (File2)}

{(File1, File1),(File1, File2),(File2, File3)}
{(File1, Name1), (File2, Name2), (File3, Name3)}

{(File1), (File2)}

{(File1)}

{(Name1), (Name2)}

{(Filea, Name1), (File1, Name2), (File2, Name3)}

{(File1, File1), (File2, File2)}

{(Filea, File1), (File1, File2),(File2, File3), (File1, File3)}
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RELATIONAL LOGIC SYNTAX IN ALLOY

Alloy Math
bin¥ odCVY
b=¥Y b=V
loned |P| <1
some ® |D| > 1

nod |d|=o0
oned |P| =1




RELATIONAL LOGIC SYNTAX IN ALLOY

Alloy Math
o+ UV
dsY PNV
-V d\VY
b >V dxY
[ON 4 ON 4
A<: @ A<V
d:>A A
~ &P P°
~d o
* P P*
{x:Al¢p} {x|xeAAd}
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BACK TO THE THRASH

sig Name {}
sig File {
name : set Name,
link : set File
}
sig Trash in File {}
sig Protected in File {}
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FORMULA EXAMPLES

-- The trash is empty
no Trash

-- Every file is either in the trash or protected
File = Trash + Protected
no Trash & Protected

-- There are no links
no link

-- Every file has at least one name
all x : File | some x.name

-- Every file has at most one name
all x : File | lone x.name
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A QUESTION OF STYLE

-- File names are unique, point-wise style
all x, y : File, n : Name | x->n in name and y->n in name implies x =y

-- File names are unique, navigational (mixed) style
all n : Name | lone name.n

-- File names are unique, point-free style
name.~name in iden



