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Syntax: formulas

form = some expr
| expr in expr

| not form

|  form and form

| some var : expr [, var : expr|*| form
| eqlexpr,expr]

| gtelexpr,expr]
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Syntax: expressions

expr = var
| rel

| none

| “expr

| “expr

| expr + expr

| expr - expr

| expr & expr

| expr . expr

| expr —> expr

| {var : expr [, var : expr]*| form }
| int

| int[expr]

|  pluslexpr,expr]
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Semantics

[-]. : form x binding — bool
[-]. : expr x binding — relation

atom =7 | id

tuple = {[atom [, atom]*])
relation = P(tuple)
binding = var u rel — relation

— : (var u rel) x relation — binding
@ : binding x binding — binding
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Semantics

. tuple — tuple
~<t17 RS t\t|> = <t|t\7 RS t1>

=-> : tuple x tuple — tuple
<t1,...,t‘t|>—><u1,...,u‘u|> = <t1,...,t|t‘,u1,...7u|u‘>

. tuple x tuple — tuple

by b1, Uy ey Uy 0f By = 11
<t1,...7tt|>.<u1,...,uu|>={ <>7 ) He|—=1, U2, > Ylul oth‘elrwise



Semantics: formulas

[some ®]r = [®]r # &
[¢ in V]r = [®]F < [V]r
[not ¢]r = —[&]r
[¢ and ¢]r = [¢]r A [¢]F
[some x:® | ¢]r = \V{[A]rexmis | t € [®]r}



Semantics: expressions

[x]r = T(x)
[ = 1)
[none|r = &

[“®lr = {"t|te[®]r}
[{*q)]]r = [[q)]]r U [¢¢Hr V] [[q)(bq)ﬂr ...
[[d) + \U]]r = [[Cbﬂr U [[\Uﬂr
[® - V]r = [®]r \ [V]r
[[d) & W]]r = [[q)ﬂr M [[\Uﬂr
[ . V]r={t.u|te[®]rrnue[V]rAt.u#{}
[® > V] = {t—>u| te[P]r A ue[V]r}
[{x:®1 ¢}r = {t]te[®lr A [dlroxin}
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Semantics: integers with wrap-around arithmetic

@ Given a scope n for Int we have
Int = {—2"1 . .21 _1}

@ Arithmetic operations may overflow.

@ To make them closed under Int Alloy default semantics is
wrap-around.

@ Equivalent to modular arithmetic:

Int = { 0 1 2 3 —4 -3 -2 -1

S

Zimy = | 2 3 4 5 6 7 }
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Semantics: integers with wrap-around arithmetic

[iJr = {|i mod |Int|]}
[int [®1r = {|Sicpoy, i mod |Int|]}

[plus[®,V]]r = {|/ +, mod |Int||}

[eq[®,W]]r =i =
[gtel®,V]1]r=i>j
where {i} = [int [®]]r

U} = [int VI ]r
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Semantics: integers with forbid overflows

@ How to avoid spurious counter-examples with unbounded
semantics?
check {

all x : Int | x.plus[1l].gtel[x]

} for 3 Int

@ Mask instances where overflows occur — filter out instances
whose formula is undefined.

@ Impact on the overal semantics since one must resort to
three-valued logic.
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Semantics: integers with forbid overflows

[ilr#L=2"1t<i<2m?!
[plus[®, W] # L] =[®]r # LA [W]r#LAi+j<2?
{i} = [int [®1]r
{j} = [int [VI]r
[eq[d,W1]r # L =[] = L A [W]r = L
[¢ and ¥]r # L = ([¢]r A3 [¢]r) # L
[some x:® | ¢]r # L = true

where

[some x:Int | ¢]r = V{[¢lrexmsiiy # L A [Alrexs(iy | € Int}
[all x:Int | ¢ﬂ|— = /\{[d)ﬂr@w—»{i} =1lv Hgb]]r@xn—ﬂ;i} | i€ Int}



Type System
©000000000000000

Design principles

@ Detect irrelevant expressions (those that could be replaced by
none).

@ Low burden (no casts required, support for overloading).

@ Syntactic robustness (subject reduction — there is an error in
®. (W+T) iff there is an error in ®. W+d . T).

@ Semantic independence (types are just warnings).
@ Soundness (no false alarms).

@ No completeness (not all irrelevant expressions will be
detected).
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Which expressions are irrelevant?

sig Name, Block {}
abstract sig Object { name : Name }
sig Dir extends Object { contents : set Object }
sig File extends Object { contents : set Block }
sig Link extends Object { to : Object }
one sig Root extends Dir {}
fact {
all o : Object | some o.name
all b : Block | some b.name
Root.contents in Dir
all o : Object | some o.contents
all o : Object | some o.(File <: contents)
all d : Dir | d not in d. contents.to
no (Root.to + Root.contents.to)
no (Root + Root.contents).to
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Semantic types: “everything is a relation”, including types.

The goal is to compute an upper bound for expressions using
abstract interpretation.

Type inference proceeds in two phases:
e Bounding types first compute a rough approximation
(bottom-up procedure).
e Relevance types then refine that approximation taking context
into account (top-down procedure).

Overloading resolution comes (almost) for free: at most one
relation with the same name can be relevant.
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What is a type?

Types are unions of products of atomic types (disjunctive
normal form).

Atomic types are:

o Signatures that are not supertypes (Name, Block, File, Link,
Root).
o Reminder types of non-abstract supertypes ($Dir).

This canonical representation avoids subtype comparisons.

Relational operators can be used to compute with types.

Name : {(Name)}
Object : {(Link),(File),(Root),($Dir)}
Contentsriie : {(File,Block)}
to : {(Link,Link), (Link,File), (Link, Root),(Link, $Dir)}
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Bounding types

o Expression ® has bounding type A given binding I:
Mo A

@ Bounding types are upper bounds for the value of expressions:

Mo A
[®]a < [Ala
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Bounding types: expressions

M= x:T(x) Fer:T(r) I none : &

Mo A N-¢:A N-¢:A

N="®:7A N="®:"A NrMN-é-v:A
N-¢:A NrNwv:B N-¢:A rN-wv:B

rMNo+v:A+8B lM—o&V:A&B
lo:A r—v:B lFd: A r-wv:B

rMN-¢.v:A.B M- ->wv:A->8B

MrM-o:A Frex— AL ¢
N {x:®| ¢} : A
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Bounding types: formulas

No: A rN-¢:A rM-wv:B
[+ some ® M- in V¥
M=o Mo M=
I+ not ¢ N~ ¢ and ¥

NMNo:A FTEx— A
I some x:P | ¢
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Bounding types: example

I+ contentsp : {(D,L),{D,F),{D,R),{D,D),<{R,L), (R,F),{R,R),(R,D)}

I - contentsg : {(F,B)}

[+ contents : {<D’ L>a <D7 F>a <D7 R>v <D7 D>a <R7 L>ﬂ <R7 F>a <R7 R>7 <R'7 D>’ <Fa B>}
I Root : {(R)}

I - Root.contents : {(L), (F),(R),{(D)}

I Root + Root.contents : {(L),{F),{R),{D)}

I+ to: {{L,L),{L,F),{L,R),{L,D)}

I~ (Root + Root.contents).to: {(L),{F),{R),{D)}

[ —no (Root + Root.contents).to
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Relevance types

@ Expression ® has relevance type A within context C given
binding I
rMN-Cclo:A
@ The same expression in different contexts can have different
relevance types.

@ The relevance type is always a subset of the bounding type.

rN-¢:A rN-cleo:B
Bc A

@ A context C is term with an hole, denoted by e. C[7] denotes
the term that results from replacing the hole in C with 7.

(Root. e in Dir)[contents] = Root.contents in Dir
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Relevance types: expressions

rMN-¢:A rN-v:B rN-clo+v:C
F=Cle+V] | ®:A&C

rMN-¢:A rN-v:B rN-Cclo+v:C
TC[®+e] | W:B&C

rN-o:A rN-v:B rCclo-v:C
FECle-V]|®:C

rM-o:A rN-wv:B rN-Ccle-v:C
F=C[®-e | V:B&C

rN-o:A r-wv:B NrNCclo&v:C
F=Cle& V]| ®:A&C

rN-o:A rN-v:B rNCclo&v:C
F-C[®&e] | W:B&C
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Relevance types: expressions

NMNo:A rN-wv:B rNCcloe.v:C
TECle . W] | ®:{t|teArueBAt.ueC}
M-d:A N-v:B r=Cle.wv:C
FEC[® . o] |V {u|teArueBnt.ueC}
rN-¢:A rN-v:B rN-CcClo-—>wv:C
F=Cle >V] | ®:{t|teArueBnant->ue C}
rN-¢:A rN-v:B rN-CcClo-—>wv:C
FEC[®->e] [V {u|teArueBnat->ueC}
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Relevance types: expressions

Mo A r=C| "%:B
FE=C[ o] | ®: "B
lrMNo: A r=C|-"%:B
FTEC[re] | ®:{t|teAnueBarlu,ti)ye*A A {tr, )€ *A}
rM-o:A FECl{x:® | ¢}:B
FECl{x:e 1 ¢}l ®:B

rNo:A FrECl{x:® | ¢}:B

Fex— AFC{x:® | o}] | ¢
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Relevance types: formulas

N-¢:A N=C | some ®
I Cl[some o] | ®: A
rMNo:A rN-v:B rNC|loinv
=Clein V] | d: A
rMNo:A rN-v:B rC|loinv
FEC[®ine] [ WV:A&B
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Relevance types: formulas

N=C | not ¢
I Clnot o] | ¢
N~ C | ¢ and ¢ N~ C | ¢ and ¢
' Cle and ¢] | ¢ [ C[¢ and o] | ¥
N-¢:A N—C | some x:® | ¢
- Cl[some x: e | 9] | D A
N-¢:A N—C | some x:® | ¢
F®&x— A C[some x:P | o] | ¢
= ¢
el @
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Bounding types: example

' -no (Root + Root.contents).to
e | no (Root + Root.contents).to
e | (Root + Root.contents).to: {(L),{F),(R),{D)}

I+ no
I+ no
I no
I+ no
[+ no
I no
I+ no
I no
I no

(Root

+ Root.contents).e | to: {(L,L),(L,F),(L,R),(L,D)}

e .to | Root + Root.contents : {(L)}

(o +
(Root
(Root
(Root
(Root
(Root

Root.contents).to | Root : J

+ e).to | Root.contents : {{L)}

+ e .contents).to | Root : {(R)}

+ Root. e).to | contents : {(R,L)}

+ Root. (e +contentsp)).to | contentsp : {(R,L)}
+ Root. (contentsp+e)).to | contentsr : (J
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The real implementation

e Computations are performed on base instead of atomic types
(better error messages).

@ Empty bounding types are immediately reported as errors.

@ Expressions of mixed arity are rejected.

@ none has arity 1 and special atomic type none.

@ The current implementation of relevance types is bugged.
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Architecture

| Alloy [ |Kodkod[—| SAT
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Kodkod

o Kodkod is a relational model finder.

o A Kodkod problem consists of a universe declaration, relation
declarations, and a formula.

@ A relation declaration specifies an arity and (lower and upper)
bounds.
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From Alloy to Kodkod

Only declares relations for atomic types and fields.
From scope infer universe and bounds for relations.
The semantics of the structural part is encoded as a formula.

Asserts are negated (a formula is valid iff its negation is
unsat).

The value of a signature is computed from its representation
as atomic types.

Atoms are renamed by the visualizer.
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From Alloy to Kodkod

abstract sig Person {}

sig Man extends Person {wife : lone Woman}
sig Woman extends Person {}

one sig Eve extends Woman {}

run {wife.Eve in Person} for 3

u = {Ala A27A3}

& < Man; {<A1>,<A2>}

& < $Woman; = {<A1>,<A2>}

{(A3)} < Ever < {(A3)}

@ < WifGQ < {<A1, A1>, <A1, A2>, <A1, Ag>7 <AQ7 A1>, <AQ7 A2>, <A2, A3>}

no Man & ($Woman+Eve)

all x:Man | lone x.wife and x.wife in $Woman+Eve
wife.univ in Man

wife.Eve in Man+$Woman+Eve
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From Kodkod to SAT

@ A relation r of arity k can be represented by k-dimensional
matrix |[U|¥ of propositional variables.

T if<A,-1,...,A,-k>erL
r[il, e fk] = ri17-~-7lk if <A,'1, e ,A,'k> S rU\rL
1 otherwise

@ Relational operators can then be lifted to matrix operations.
For example:
e Composition is product;
e Union is sum;
o Intersection is Hadamard product.

@ Formulas yield propositional formulas. In particular inclusion is
implication.
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From Kodkod to SAT

wife.Eve in Man+$Woman+Eve

W11 W12 W13 1 My Wy 1
W21 W22 W23 |- 1 in Mo + | Wo + il
1 L T L 1L T
wiiALvwaoAaLlvwizaT My v W v L
W271/\_]_VW272/\J_\/W273/\T in Mo vWov L

IALlvLeiAaLvLIAT lvd1ivT

(w13 =M; v W) A (w23 =M Vv W)
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Symmetry breaking

e Kodkod performs several optimizations to decrease SAT
complexity.
@ The most significant is symmetry breaking.

@ Since atoms are uninterpreted (almost) any permutation of an
instance is also a valid instance.

@ A symmetry-breaking formula is conjoined to the problem
formula.

@ It tries to avoid most symmetries but for efficiency reasons the
technique is not complete.
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Skolemization

@ Since scope is finite, quantifiers can be handled by expansion.

some adam : Man | adam.wife = Eve

{(A1)}.wife = Eve or {(Ay)}.wife = Eve

@ Unfortunately, this technique yields no witnesses to existential
quantifiers.



Model Finding
0000000080

Skolemization

@ Skolemization replaces existentially quantified variables by
new free variables.

@ Free variables are implicitly existentially quantified.

@ Generates smaller (equisatisfiable) formulas.

some adam : Man | adam.wife = Eve

& < $adam; = {(A1), (A2)}

one $adam and $adam.wife = Eve

@ The skolemized variables are witnesses of the quantifier.

@ Skolemization handles higher-order existential quantifications.
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Skolemization

allm : Man | some w : Woman | m.wife = w

~

g < wp € {(A1, A1), {Aq, A2>,<A1:, A3, {(Az, A1), {Az, A2),{(Az, A3)}

allm : Man | one m.$w and and m.wife = m.$w

some husband : Woman -> Man | husband = ~“wife
Q = $husband2 = {<A1; A1>3 <Ala A2>a <A2a A1>7 <A27 A2>7 <A37 A1>7 <A37 A2>}
$husband = wife
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