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Syntax: formulas

form “ some expr
| expr in expr
| not form
| form and form
| some var : expr r, var : expr s˚| form
| eq[expr,expr]
| gte[expr,expr]
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Syntax: expressions

expr “ var
| rel
| none

| ~expr
| ^expr
| expr + expr
| expr - expr
| expr & expr
| expr . expr
| expr -> expr
| { var : expr r, var : expr s˚| form }
| int
| int[expr]
| plus[expr,expr]
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Semantics

v¨w¨ : form ˆ binding Ñ bool
v¨w¨ : expr ˆ binding Ñ relation

atom “ Z | id
tuple “ xratom r, atoms˚sy

relation “ Pptupleq
binding “ var Y rel ÞÑ relation

ÞÑ : pvar Y relq ˆ relationÑ binding
‘ : binding ˆ binding Ñ binding
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Semantics

~ : tuple Ñ tuple
~xt1, . . . , t|t|y “ xt|t|, . . . , t1y

-> : tuple ˆ tuple Ñ tuple
xt1, . . . , t|t|y->xu1, . . . , u|u|y “ xt1, . . . , t|t|, u1, . . . , u|u|y

. : tuple ˆ tuple Ñ tuple

xt1, . . . , t|t|y.xu1, . . . , u|u|y “

"

xt1, . . . , t|t|´1, u2, . . . , u|u|y if t|t| “ u1

xy otherwise
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Semantics: formulas

vsome ΦwΓ “ vΦwΓ ‰ H
vΦ in ΨwΓ “ vΦwΓ Ď vΨwΓ
vnot φwΓ “  vφwΓ

vφ and ψwΓ “ vφwΓ ^ vψwΓ
vsome x:Φ | φwΓ “

Ž

tvφwΓ‘x ÞÑttu | t P vΦwΓu
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Semantics: expressions

vxwΓ “ Γpxq
vrwΓ “ Γprq

vnonewΓ “ H

v~ΦwΓ “ t~t | t P vΦwΓu
v^ΦwΓ “ vΦwΓ Y vΦ.ΦwΓ Y vΦ.Φ.ΦwΓ Y . . .

vΦ + ΨwΓ “ vΦwΓ Y vΨwΓ
vΦ - ΨwΓ “ vΦwΓ z vΨwΓ
vΦ & ΨwΓ “ vΦwΓ X vΨwΓ
vΦ . ΨwΓ “ tt.u | t P vΦwΓ ^ u P vΨwΓ ^ t.u ‰ xyu
vΦ -> ΨwΓ “ tt->u | t P vΦwΓ ^ u P vΨwΓu

v{x:Φ| φ}wΓ “ tt | t P vΦwΓ ^ vφwΓ‘x ÞÑttuu
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Semantics: integers with wrap-around arithmetic

Given a scope n for Int we have

Int “ t´2n´1 . . . 2n´1 ´ 1u

Arithmetic operations may overflow.

To make them closed under Int Alloy default semantics is
wrap-around.

Equivalent to modular arithmetic:

Int “ t 0 1 2 3 ´4 ´3 ´2 ´1 u

Z|Int|
t¨u

OO

“ t 0

OO

1

OO

2

OO

3

OO

4

OO

5

OO

6

OO

7

OO

u
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Semantics: integers with wrap-around arithmetic

viwΓ “ tti mod |Int|uu
vint[Φ]wΓ “ tt

ř

iPvΦwΓ
i mod |Int|uu

vplus[Φ,Ψ]wΓ “ tti ` j mod |Int|uu
veq[Φ,Ψ]wΓ “ i “ j
vgte[Φ,Ψ]wΓ “ i ě j

where
tiu “ vint[Φ]wΓ
tju “ vint[Ψ]wΓ
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Semantics: integers with forbid overflows

How to avoid spurious counter-examples with unbounded
semantics?

check {

all x : Int | x.plus[1].gte[x]

} for 3 Int

Mask instances where overflows occur – filter out instances
whose formula is undefined.

Impact on the overal semantics since one must resort to
three-valued logic.
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Semantics: integers with forbid overflows

viwΓ ‰ K ” 2n´1 ď i ă 2n´1

vplus[Φ,Ψ] ‰ Kw ” vΦwΓ ‰ K^ vΨwΓ ‰ K^ i ` j ă 2n´1

where
tiu “ vint[Φ]wΓ
tju “ vint[Ψ]wΓ

veq[Φ,Ψ]wΓ ‰ K ” vΦwΓ ‰ K^ vΨwΓ ‰ K
vφ and ψwΓ ‰ K ” pvφwΓ ^3 vψwΓq ‰ K

vsome x:Φ | φwΓ ‰ K ” true

vsome x:Int | φwΓ “
Ž

tvφwΓ‘x ÞÑtiu ‰ K^ vφwΓ‘x ÞÑtiu | i P Intu
vall x:Int | φwΓ “

Ź

tvφwΓ‘x ÞÑtiu “ K_ vφwΓ‘x ÞÑtiu | i P Intu
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Design principles

Detect irrelevant expressions (those that could be replaced by
none).

Low burden (no casts required, support for overloading).

Syntactic robustness (subject reduction – there is an error in
Φ.(Ψ+Υ) iff there is an error in Φ.Ψ+Φ.Υ).

Semantic independence (types are just warnings).

Soundness (no false alarms).

No completeness (not all irrelevant expressions will be
detected).
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Which expressions are irrelevant?

sig Name, Block {}

abstract sig Object { name : Name }

sig Dir extends Object { contents : set Object }

sig File extends Object { contents : set Block }

sig Link extends Object { to : Object }

one sig Root extends Dir {}

fact {

all o : Object | some o.name

all b : Block | some b.name

Root.contents in Dir

all o : Object | some o.contents

all o : Object | some o.(File <: contents)

all d : Dir | d not in d.^contents.to

no (Root.to + Root.contents.to)

no (Root + Root.contents).to

}
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How?

Semantic types: “everything is a relation”, including types.

The goal is to compute an upper bound for expressions using
abstract interpretation.

Type inference proceeds in two phases:

Bounding types first compute a rough approximation
(bottom-up procedure).
Relevance types then refine that approximation taking context
into account (top-down procedure).

Overloading resolution comes (almost) for free: at most one
relation with the same name can be relevant.
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What is a type?

Types are unions of products of atomic types (disjunctive
normal form).

Atomic types are:

Signatures that are not supertypes (Name, Block, File, Link,
Root).
Reminder types of non-abstract supertypes ($Dir).

This canonical representation avoids subtype comparisons.

Relational operators can be used to compute with types.

Name : txNameyu
Object : txLinky, xFiley, xRooty, x$Diryu

ContentsFile : txFile, Blockyu
to : txLink, Linky, xLink, Filey, xLink, Rooty, xLink, $Diryu
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Bounding types

Expression Φ has bounding type A given binding Γ:

Γ $ Φ : A

Bounding types are upper bounds for the value of expressions:

Γ $ Φ : A

vΦwΛ Ď vAwΛ
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Bounding types: expressions

Γ $ x : Γpxq Γ $ r : Γprq Γ $ none : H

Γ $ Φ : A

Γ $ ~Φ : ~A

Γ $ Φ : A

Γ $ ^Φ : ^A

Γ $ Φ : A

Γ $ Φ - Ψ : A

Γ $ Φ : A Γ $ Ψ : B

Γ $ Φ + Ψ : A + B

Γ $ Φ : A Γ $ Ψ : B

Γ $ Φ & Ψ : A & B

Γ $ Φ : A Γ $ Ψ : B

Γ $ Φ . Ψ : A . B

Γ $ Φ : A Γ $ Ψ : B

Γ $ Φ -> Ψ : A -> B

Γ $ Φ : A Γ‘ x ÞÑ A $ φ

Γ $ {x:Φ| φ} : A
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Bounding types: formulas

Γ $ Φ : A

Γ $ some Φ

Γ $ Φ : A Γ $ Ψ : B

Γ $ Φ in Ψ

Γ $ φ

Γ $ not φ

Γ $ φ Γ $ ψ

Γ $ φ and ψ

Γ $ Φ : A Γ‘ x ÞÑ A $ φ

Γ $ some x:Φ | φ
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Bounding types: example

Γ $ contentsD : txD, Ly, xD, Fy, xD, Ry, xD, Dy, xR, Ly, xR, Fy, xR, Ry, xR, Dyu
Γ $ contentsF : txF, Byu
Γ $ contents : txD, Ly, xD, Fy, xD, Ry, xD, Dy, xR, Ly, xR, Fy, xR, Ry, xR, Dy, xF, Byu
Γ $ Root : txRyu
Γ $ Root.contents : txLy, xFy, xRy, xDyu
Γ $ Root + Root.contents : txLy, xFy, xRy, xDyu
Γ $ to : txL, Ly, xL, Fy, xL, Ry, xL, Dyu
Γ $ (Root + Root.contents).to : txLy, xFy, xRy, xDyu
Γ $ no (Root + Root.contents).to
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Relevance types

Expression Φ has relevance type A within context C given
binding Γ:

Γ $ C Ó Φ : A

The same expression in different contexts can have different
relevance types.

The relevance type is always a subset of the bounding type.

Γ $ Φ : A Γ $ C Ó Φ : B

B Ď A

A context C is term with an hole, denoted by ‚. Crτ s denotes
the term that results from replacing the hole in C with τ .

(Root. ‚ in Dir)rcontentss ” Root.contents in Dir
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Relevance types: expressions

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ + Ψ : C

Γ $ Cr‚ + Ψs Ó Φ : A & C

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ + Ψ : C

Γ $ CrΦ + ‚s Ó Ψ : B & C

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ - Ψ : C

Γ $ Cr‚ - Ψs Ó Φ : C

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ - Ψ : C

Γ $ CrΦ - ‚s Ó Ψ : B & C

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ & Ψ : C

Γ $ Cr‚ & Ψs Ó Φ : A & C

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ & Ψ : C

Γ $ CrΦ & ‚s Ó Ψ : B & C
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Relevance types: expressions

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ . Ψ : C

Γ $ Cr‚ . Ψs Ó Φ : tt | t P A^ u P B ^ t.u P Cu

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ . Ψ : C

Γ $ CrΦ . ‚s Ó Ψ : tu | t P A^ u P B ^ t.u P Cu

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ -> Ψ : C

Γ $ Cr‚ -> Ψs Ó Φ : tt | t P A^ u P B ^ t->u P Cu

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ -> Ψ : C

Γ $ CrΦ -> ‚s Ó Ψ : tu | t P A^ u P B ^ t->u P Cu
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Relevance types: expressions

Γ $ Φ : A Γ $ C Ó ~Φ : B

Γ $ Cr~‚s Ó Φ : ~B

Γ $ Φ : A Γ $ C Ó ^Φ : B

Γ $ Cr^‚s Ó Φ : tt | t P A^ u P B ^ xu1, t1y P *A^ xt2, u2y P *Au

Γ $ Φ : A Γ $ C Ó {x:Φ | φ} : B

Γ $ Cr{x: ‚ | φ}s Ó Φ : B

Γ $ Φ : A Γ $ C Ó {x:Φ | φ} : B

Γ‘ x ÞÑ A $ Cr{x:Φ | ‚ }s Ó φ
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Relevance types: formulas

Γ $ Φ : A Γ $ C Ó some Φ

Γ $ Crsome ‚s Ó Φ : A

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ in Ψ

Γ $ Cr‚ in Ψs Ó Φ : A

Γ $ Φ : A Γ $ Ψ : B Γ $ C Ó Φ in Ψ

Γ $ CrΦ in ‚s Ó Ψ : A & B
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Relevance types: formulas

Γ $ C Ó not φ
Γ $ Crnot ‚s Ó φ

Γ $ C Ó φ and ψ

Γ $ Cr‚ and ψs Ó φ
Γ $ C Ó φ and ψ

Γ $ Crφ and ‚s Ó ψ

Γ $ Φ : A Γ $ C Ó some x:Φ | φ

Γ $ Crsome x: ‚ | φs Ó Φ : A

Γ $ Φ : A Γ $ C Ó some x:Φ | φ

Γ‘ x ÞÑ A $ Crsome x:Φ | ‚s Ó φ

Γ $ φ

Γ $ ‚ Ó φ
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Bounding types: example

Γ $ no (Root + Root.contents).to

Γ $ ‚ Ó no (Root + Root.contents).to

Γ $ no ‚ Ó (Root + Root.contents).to : txLy, xFy, xRy, xDyu
Γ $ no (Root + Root.contents).‚ Ó to : txL, Ly, xL, Fy, xL, Ry, xL, Dyu
Γ $ no ‚ .to Ó Root + Root.contents : txLyu
Γ $ no ( ‚ + Root.contents).to Ó Root : H
Γ $ no (Root + ‚ ).to Ó Root.contents : txLyu
Γ $ no (Root + ‚ .contents).to Ó Root : txRyu
Γ $ no (Root + Root. ‚ ).to Ó contents : txR, Lyu
Γ $ no (Root + Root.( ‚ +contentsF)).to Ó contentsD : txR, Lyu
Γ $ no (Root + Root.(contentsD+ ‚ )).to Ó contentsF : H
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The real implementation

Computations are performed on base instead of atomic types
(better error messages).

Empty bounding types are immediately reported as errors.

Expressions of mixed arity are rejected.

none has arity 1 and special atomic type none.

The current implementation of relevance types is bugged.
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Architecture

Alloy Kodkod SAT
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Kodkod

Kodkod is a relational model finder.

A Kodkod problem consists of a universe declaration, relation
declarations, and a formula.

A relation declaration specifies an arity and (lower and upper)
bounds.
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From Alloy to Kodkod

Only declares relations for atomic types and fields.

From scope infer universe and bounds for relations.

The semantics of the structural part is encoded as a formula.

Asserts are negated (a formula is valid iff its negation is
unsat).

The value of a signature is computed from its representation
as atomic types.

Atoms are renamed by the visualizer.
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From Alloy to Kodkod

abstract sig Person {}
sig Man extends Person {wife : lone Woman}
sig Woman extends Person {}
one sig Eve extends Woman {}
run {wife.Eve in Person} for 3

U “ tA1,A2,A3u

H Ď Man1 Ď txA1y, xA2yu

H Ď $Woman1 Ď txA1y, xA2yu

txA3yu Ď Eve1 Ď txA3yu

H Ď wife2 Ď txA1,A1y, xA1,A2y, xA1,A3y, xA2,A1y, xA2,A2y, xA2,A3yu

no Man & ($Woman+Eve)

all x:Man | lone x.wife and x.wife in $Woman+Eve

wife.univ in Man

wife.Eve in Man+$Woman+Eve



Relational Logic Type System Model Finding Bibliography

From Kodkod to SAT

A relation r of arity k can be represented by k-dimensional
matrix |U |k of propositional variables.

r ri1, . . . , ik s “

$

&

%

J if xAi1 , . . . ,Aik y P rL
ri1,...,ık if xAi1 , . . . ,Aik y P rUzrL
K otherwise

Relational operators can then be lifted to matrix operations.
For example:

Composition is product;
Union is sum;
Intersection is Hadamard product.

Formulas yield propositional formulas. In particular inclusion is
implication.
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From Kodkod to SAT

wife.Eve in Man+$Woman+Eve

»

–

w1,1 w1,2 w1,3

w2,1 w2,2 w2,3

K K K

fi

fl .

»

–

K

K

J

fi

fl in

»

–

M1

M2

K

fi

fl`

»

–

W1

W2

K

fi

fl`

»

–

K

K

J

fi

fl

»

–

w1,1 ^K_ w1,2 ^K_ w1,3 ^J

w2,1 ^K_ w2,2 ^K_ w2,3 ^J

K^K_K^K_K^J

fi

fl in

»

–

M1 _ W1 _K

M2 _ W2 _K

K_K_J

fi

fl

pw1,3 ñ M1 _ W1q ^ pw2,3 ñ M2 _ W2q
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Symmetry breaking

Kodkod performs several optimizations to decrease SAT
complexity.

The most significant is symmetry breaking.

Since atoms are uninterpreted (almost) any permutation of an
instance is also a valid instance.

A symmetry-breaking formula is conjoined to the problem
formula.

It tries to avoid most symmetries but for efficiency reasons the
technique is not complete.
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Skolemization

Since scope is finite, quantifiers can be handled by expansion.

some adam : Man | adam.wife = Eve

”

txA1yu.wife = Eve or txA2yu.wife = Eve

Unfortunately, this technique yields no witnesses to existential
quantifiers.
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Skolemization

Skolemization replaces existentially quantified variables by
new free variables.

Free variables are implicitly existentially quantified.

Generates smaller (equisatisfiable) formulas.

some adam : Man | adam.wife = Eve

–

H Ď $adam1 Ď txA1y, xA2yu

one $adam and $adam.wife = Eve

The skolemized variables are witnesses of the quantifier.

Skolemization handles higher-order existential quantifications.
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Skolemization

all m : Man | some w : Woman | m.wife = w

–

H Ď w2 Ď txA1,A1y, xA1,A2y, xA1,A3y, xA2,A1y, xA2,A2y, xA2,A3yu

all m : Man | one m.$w and and m.wife = m.$w

some husband : Woman -> Man | husband = ~wife

–

H Ď $husband2 Ď txA1,A1y, xA1,A2y, xA2,A1y, xA2,A2y, xA3,A1y, xA3,A2yu

$husband = wife
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