
Exercises 1: Software Architecture for Reactive Systems

Luı́s Soares Barbosa

Exercise I.1

Given 〈S1,N , ↓∞,−→∞〉 and 〈S2,N , ↓∈,−→∈〉 overN , two states p and q are mutually similar iff

p + q ⇔ p . q ∧ q . p

1. Show that + is an equivalence relation.

2. Compare this relation with bisimilarity ans language equivalence.

Exercise I.2

Consider the following transition space

{〈1, a, 2〉, 〈1, a, 3〉, 〈2, a, 3〉, 〈2, b, 1〉, 〈3, a, 3〉, 〈3, b, 1〉, 〈4, a, 5〉, 〈5, a, 5〉, 〈5, b, 6〉, 〈6, a, 5〉, 〈7, a, 8〉, 〈8, a, 8〉, 〈8, b, 7〉}

Show or refute that 1 ∼ 4 ∼ 6 ∼ 7.

Exercise I.3

Show that

• bisimilarity is an equivalence relation

• bisimilarity is is closed to union

• bisimilarity is is closed to intersection

Exercise I.4

A relation R over states of a transition space is a word bisimulation if, whenever 〈p, q〉 ∈ R e s ∈ N ∗,

p
s−→ p′ ⇒ 〈∃ q′ : q′ ∈ S2 : q

s−→ q′ ∧ 〈p′, q′〉 ∈ R〉

q
s−→ q′ ⇒ 〈∃ p′ : p′ ∈ S1 : p

s−→ p′ ∧ 〈p′, q′〉 ∈ R〉

1. Define formally relation s−→, for any s ∈ N ∗

2. Two states p and q are word bisimilar iff there exist a word bisimulation R such that 〈p, q〉 ∈ R. Discuss whether
two states p and q are word bisimilar iff p ∼ q.
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Exercise I.5

In a transition space 〈S,N , ↓,−→〉, the set of traces of a state s is the least set including

ε ∈Tr(s)
X ∈Tr(s) if ↓ s

aσ ∈Tr(s) if ∃t · s
a−→ t ∧ σ ∈ Tr(t)

1. Show that two bisimilar states have the same traces? Is the converse true?

Exercise I.6

In what sense can the definitions of morphism of transition spaces and bisimulation be related?

Exercise I.7

Consider the following transition systems:

Branching bisimulation equivalence strictly includes rooted branching bisimulation equivalence, which
in turn strictly includes bisimulation equivalence:

↔–– ⊂ ↔––rb ⊂ ↔––b .

In the absence of τ , bisimulation and branching bisimulation coincide.

Exercise 2.5.4. Show using the definition of rooted branching bisimulation that the two labelled transition
systems in figure 2.8 are rooted branching bisimilar. Show also that the two transition systems in figure 2.9
are neither rooted branching bisimilar nor branching bisimilar.

Exercise 2.5.5. Which of the following pairs of transition systems are branching and/or rooted branching
bisimilar.
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Exercise 2.5.6.With regard to the examples in the previous exercise 2.5.5 which τ -transitions are inert with
respect to branching bisimulation, i.e., for which τ -transitions s

τ−→ s′ are the states s and s′ branching
bisimilar.

2.5.2 Rooted weak bisimulation
A slight variation of branching bisimulation is weak bisimulation. We give its definition here, because weak
bisimulation was defined well before branching bisimulation was invented and therefore weak bisimulation
is much more commonly used in the literature.

The primary difference between branching and weak bisimulation is that branching bisimulation pre-
serves ‘the branching structure’ of processes. For instance the last pair of transition systems in exercise
2.5.5 are weakly bisimilar, although the initial a in the transition system at the left can make a choice that
cannot be mimicked in the transition system at the right. The branching structure is not respected.

It is useful to know that (rooted) branching bisimilar processes are also (rooted) weakly bisimilar.
Furthermore, from a practical perspective, it hardly ever matters whether branching or weak bisimulation
is used, except that the algorithms to calculate branching bisimulation on large graphs are more efficient
than those for weak bisimulation.

Definition 2.5.7 (Weak bisimulation). Consider the labelled transition systems A1 = (S1,Act , −→1

, s1, T1) and A2 = (S2,Act , −→2, s2, T2). We call a relation R ⊆ S1 × S2 a weak bisimulation relation if
for all s ∈ S1 and t ∈ S2 such that sRt, the following conditions hold:

1. If s a−→1 s′, then

- either a = τ and s′Rt, or
- there is a sequence t

τ−→2 · · · τ−→2
a−→2

τ−→2 · · · τ−→2 t′ such that s′Rt′.

2. Symmetrically, if t a−→2 t′, then

- either a = τ and sRt′, or
- there is a sequence s

τ−→1 · · · τ−→1
a−→1

τ−→1 · · · τ−→1 s′ such that s′Rt′.

3. If s ∈ T1, then there is a sequence t
τ−→2 · · · τ−→2 t′ such that t′ ∈ T2.

4. Again, symmetrically, if t ∈ T2, then there is a sequence s
τ−→1 · · · τ−→1 s′ such that s′ ∈ T1.
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Are they branching or rooted branching bisimilar?

Exercise I.8

Which of the following pairs of transition systems are branching and/or rooted branching bisimilar.

Branching bisimulation equivalence strictly includes rooted branching bisimulation equivalence, which
in turn strictly includes bisimulation equivalence:

↔–– ⊂ ↔––rb ⊂ ↔––b .

In the absence of τ , bisimulation and branching bisimulation coincide.

Exercise 2.5.4. Show using the definition of rooted branching bisimulation that the two labelled transition
systems in figure 2.8 are rooted branching bisimilar. Show also that the two transition systems in figure 2.9
are neither rooted branching bisimilar nor branching bisimilar.

Exercise 2.5.5. Which of the following pairs of transition systems are branching and/or rooted branching
bisimilar.
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Exercise 2.5.6.With regard to the examples in the previous exercise 2.5.5 which τ -transitions are inert with
respect to branching bisimulation, i.e., for which τ -transitions s

τ−→ s′ are the states s and s′ branching
bisimilar.

2.5.2 Rooted weak bisimulation
A slight variation of branching bisimulation is weak bisimulation. We give its definition here, because weak
bisimulation was defined well before branching bisimulation was invented and therefore weak bisimulation
is much more commonly used in the literature.

The primary difference between branching and weak bisimulation is that branching bisimulation pre-
serves ‘the branching structure’ of processes. For instance the last pair of transition systems in exercise
2.5.5 are weakly bisimilar, although the initial a in the transition system at the left can make a choice that
cannot be mimicked in the transition system at the right. The branching structure is not respected.

It is useful to know that (rooted) branching bisimilar processes are also (rooted) weakly bisimilar.
Furthermore, from a practical perspective, it hardly ever matters whether branching or weak bisimulation
is used, except that the algorithms to calculate branching bisimulation on large graphs are more efficient
than those for weak bisimulation.

Definition 2.5.7 (Weak bisimulation). Consider the labelled transition systems A1 = (S1,Act , −→1

, s1, T1) and A2 = (S2,Act , −→2, s2, T2). We call a relation R ⊆ S1 × S2 a weak bisimulation relation if
for all s ∈ S1 and t ∈ S2 such that sRt, the following conditions hold:

1. If s a−→1 s′, then

- either a = τ and s′Rt, or
- there is a sequence t

τ−→2 · · · τ−→2
a−→2

τ−→2 · · · τ−→2 t′ such that s′Rt′.

2. Symmetrically, if t a−→2 t′, then

- either a = τ and sRt′, or
- there is a sequence s

τ−→1 · · · τ−→1
a−→1

τ−→1 · · · τ−→1 s′ such that s′Rt′.

3. If s ∈ T1, then there is a sequence t
τ−→2 · · · τ−→2 t′ such that t′ ∈ T2.

4. Again, symmetrically, if t ∈ T2, then there is a sequence s
τ−→1 · · · τ−→1 s′ such that s′ ∈ T1.
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Exercise I.9

With regard to the two previous exercises, which τ -transitions are inert wrt branching bisimulation (i.e., for which τ -
transitions p τ−→ p′ are p ≈ p′)?
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