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relational logic

Adds to first-order logic combinators to build more complex predicates (aka
relational expressions) out of simpler ones
Also adds closure operators, technically enhancing the expressive power of
first-order logic
It can considerably simplify the specification of some constraints
First-order logic specifications tend to be point-wise (lots of quantifiers) while
relational logic favours a more point-free style
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syntax

Category Identifier

... ...

Unary (relational) expressions A, B, ...
Higher-arity (relational) expressions Φ, Ψ, ...



specification and modeling 4 / 15

syntax

φ ::= Φ(t1, ... , tar(Φ))

| Φ ⊆ Ψ ar(Φ) = ar(Ψ)
| |Φ| ≤ 1
| |Φ| ≥ 1
| ...
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syntax

Φ ::= P
| id
| t
| Φ1 ∪ Φ2 ar(Φ) = ar(Ψ)
| Φ1 ∩ Φ2 ar(Φ) = ar(Ψ)
| Φ1 \ Φ2 ar(Φ) = ar(Ψ)
| Φ1 × Φ2

| Φ1 . Φ2 ar(Φ) + ar(Ψ) > 2
| A / Φ
| Φ . A
| Φ◦ ar(Φ) = 2
| Φ+ ar(Φ) = 2
| Φ? ar(Φ) = 2
| {x1, ... , xn | φ}
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semantics

M |= Φ ⊆ Ψ i� M |= [ ®x · Φ(®x) → Ψ(®x)
M |= |Φ | ≤ 1 i� M |= [ ®x · [ ®y · Φ(®x) ∧ Φ(®y) → ®x = ®y
M |= |Φ | ≥ 1 i� M |= \ ®x · Φ(®x)
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semantics

M |= P(®t) i� (M(t1), ... ,M(tar(P))) ∈ M(P)
M |= id(t, u) i� M(t) =M(u)
M |= t(u) i� M(t) =M(u)

M |= (Φ ∪ Ψ)(®t) i� M |= Φ(®t) ∨ Ψ(®t)
M |= (Φ ∩ Ψ)(®t) i� M |= Φ(®t) ∧ Ψ(®t)
M |= (Φ \ Ψ)(®t) i� M |= Φ(®t) ∧ ¬Ψ(®t)
M |= (Φ × Ψ)(®t) i� M |= Φ(t1, ... , tar(Φ)) ∧ Ψ(tar(Φ)+1, ... , tar(Φ)+ar(Ψ))

M |= (Φ . Ψ)(®t) i� M |= \ x · Φ(t1, ... , tar(Φ)−1, x) ∧ Ψ(x, tar(Φ), ... , tar(Φ)+ar(Ψ)−2)

M |= (A / Φ)(®t) i� M |= A(t1) ∧ Φ(®t)
M |= (Φ . A)(®t) i� M |= Φ(®t) ∧ A(tar(Φ))

M |= Φ◦(t, u) i� M |= Φ(u, t)
M |= Φ+(t, u) i� M |= Φ(t, u) ∨ \ x · Φ(t, x) ∧ Φ+(x, u)
M |= Φ?(t, u) i� M |= Φ+(t, u) ∨ t = u

M |= {x1, ... , xn | φ}(®t) i� φ[t1/x1, ... , tn/xn]
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semantics

It is more intuitive to assume the existence of a function û·üM that computes the
value of a relational expression in a model

M |= Φ(t1, ... , tn) i� (M(t1), ... ,M(tn)) ∈ ûΦüM

The following slides explain this function by example
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semantics by example

M(Prepared) = {(W1), (W2)}
M(Aborted) = {(W2), (W3)}
M(Task) = {(T1), (T2)}

M(working_on) = {(W1, T1), (W2, T2), (W2, T3), (W3, T3)}

ûPrepared ∪ AbortedüM = {(W1), (W2), (W3)}
ûPrepared ∩ AbortedüM = {(W2)}
ûPrepared \ AbortedüM = {(W1)}

ûW1 × TasküM = {(W1, T1), (W1, T2)}
ûPrepared / working_onüM = {(W1, T1), (W2, T2), (W2, T3)}

ûworking_on . TasküM = {(W1, T1), (W2, T2)}
ûworking_on◦üM = {(T1, W1), (T2, W2), (T3, W2), (T3, W3)}

û{x, y | x = y ∧ Prepared(x)}üM = {(W1, W1), (W2, W2)}
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semantics by example

M(Prepared) = {(W1), (W2)}
M(working_on) = {(W1, T1), (W2, T1), (W2, T2)}
M(requires) = {(T1, T2), (T2, T3), (T3, T4)}

ûW1 . working_onüM = {(T1)}
ûworking_on . T1üM = {(W1), (W2)}

ûPrepared . working_onüM = {(T1), (T2)}
ûworking_on . requiresüM = {(W1, T2), (W2, T2), (W2, T3)}

ûworking_on . working_on◦üM = {(W1, W1), (W1, W2), (W2, W1), (W2, W2)}
ûW1 . working_on . requires+üM = {(T2), (T3), (T4)}
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relational logic syntax in alloy

Alloy Math

Φ in Ψ Φ ⊆ Ψ
Φ = Ψ Φ = Ψ
lone Φ |Φ| ≤ 1
some Φ |Φ| ≥ 1
no Φ |Φ | = 0
one Φ |Φ| = 1
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relational logic syntax in alloy

Alloy Math

iden id
Φ + Ψ Φ ∪ Ψ
Φ & Ψ Φ ∩ Ψ
Φ - Ψ Φ \ Ψ
Φ -> Ψ Φ × Ψ
Φ . Ψ Φ . Ψ
A <: Φ A / Ψ
Φ :> A Φ . A
~ Φ Φ◦

^ Φ Φ+

* Φ Φ?

{ x : A | φ } {x | x ∈ A ∧ φ}
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formula examples

sig Worker {
working_on : set Task,

}
sig Prepared in Worker {}
sig Committed in Prepared {}
sig Aborted in Worker {}
sig Task {
requires : set Task

}
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formula examples

-- There are no prepared workers
no Prepared
-- Every worker is either committed or aborted
Worker = Committed + Aborted
no Committed & Aborted
-- No worker is working on a task
no working_on
-- Every worker is working on at least one task
all w : Worker | some w.working_on
-- Every worker is working on at most one task
all w : Worker | lone w.working_on
-- Dependency between tasks is acyclic
all t : Task | t not in t.^requires
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a question of style

-- No shared tasks, point-wise style
all x, y : Worker, t : Task | x->t in working_on and y->t in working_on

implies x = y

-- No shared tasks, navigational (mixed) style
all t : Task | lone working_on.t

-- No shared tasks, point-free style
working_on.~working_on in iden


