Chapter 2

Recursion in the Pointfree Style

How useful from a programmer’s point of view are the abstract concepts presented in
the previous chapter? Recall that atable was presented — table 1.1 — whichrecordsan
anal ogy between abstract type notation and the corresponding data-structures available
in common, imperative languages.

This analogy is precisely our point of departure for extending the abstract notation
towards a most important field of programming: recursion.

2.1 Motivation

Let us consider avery common data-structurein programming: “linked-lists’. In PAs-
CAL onewill write

L = °N
N = record
P A
S: °N
end;

to specify such a data-structure L. This consists of a pointer to a node (N), where a
node is arecord structure which puts some predefined type A together with a pointer to
another node, and so on. In the C programming language, every 2 € L will be declared
as

L x;
in the context of datatype definition
typedef struct N {
A first;
struct N *next;
Pl
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44 CHAPTER 2. RECURSION IN THE POINTFREE STYLE

and so on.

What interests us in such “first year programming course” datatype declarations?
Records and pointers have already been dealt with in table 1.1. So we can use this
table to find the abstract version of datatype L, by replacing pointers by the“1 + - - "
notation and records (structs) by the“. .. x ...” notation:

{L = 1+N 2.1)

N = Ax(1+N)

We obtain a system of two equations on unknowns L. and N, in which L’s depen-
denceon N can be removed by substitution:

L = 1+N
N = Ax(1+N)

“ { substituting L for 1 + NN in the second equation}
L = 1+N
N = AXxL

“ { substituting A x L for N inthefirst equation}
L = 1+4AxL
N = AxL

System (2.1) is thus equivalent to:

{L = 1+AxL 22)

N = Ax(1+N)

Intuitively, L abstracts the “possibly empty” linked-list of elements of type A, while
N abstracts the “non-empty” linked-list of elements of type A. Notethat L and N are
independent of each other, but also that each depends on itself. Can we solve these
equations in a way such that we obtain “solutions’ for L and IV, in the same way we
do with school equations such as, for instance,

x:1+g ? 2.3)

Concerning this equation, let us recall how we would go about it in school mathe-
matics:

T
“ { adding — 3 to both sides of the equation}
T T
r——-=14+-—-=
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“~ { multiplying both sides of the equation by 2 etc. }
2xXxr—x=2

“ { subtraction}
r=2

We very quickly get solution z = 2. However, many steps were omitted from the
actual calculation. This unfolds into the longer sequence of more elementary steps
which follows, in which notation a — b abbreviatesa + (—b) and ¢ abbreviatesa x ,
for b # 0:

T
r=1 + 5
© { adding — £ to both sides of the equation}
T T T
2 =(1+2)-Z=
r-3=0+3) -3
- { + isassociative}
T T T
—_Z =1 - _Z
o= G -3
“ { —% isthe additiveinverse of 3}
T
o { 0 isthe unit of addition}
T
—_Z =1
T3
“ { multiplying both sides of the equation by 2}
2% (x—2)=2x1
2
© { 1 isthe unit of multiplication}
T
“ { multiplication distributes over addition}
T
2 —2x—-=2
X T X 2
& {2 cancelsitsinverse 1 }
2xx—1xx=2
“ { multiplication distributes over addition}
2-1)xz=2
© {2 -1 =1and1istheunit of multiplication}

T =2
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Back to (2.2), we would like to submit each of the equations, e.g.
L = 14+AxL (2.4)

to a similar reasoning. Can we do it? The analogy which can be found between this
equation and (2.3) goes beyond pattern similarity. From chapter 1 we know that many
propertiesrequired in the reasoning above hold in the context of (2.4), provided the “="
sign is replaced by the “=2" sign, that of set-theoretical isomorphism. Recall that, for
instance, + is associative (1.46), 0 is the unit of addition (1.77), 1 is the unit of multi-
plication (1.79), multiplication distributes over addition (1.50) etc. Moreover, the first
step above assumed that addition is compatible (monotonic) with respect to equality,

a = b
c = d
at+c = b+d

afact which still holdswhen numeric equality gives place to isomorphism and numeric
addition gives place to coproduct:

B

D
B+ D

A
c
A+C

IR| 1R 1R

— recall (1.44) for isos f and g.
Unfortunately, the main steps in the reasoning above are concerned with two basic
cancellation properties

r+b=c & zTz=c—0b
rxb=c & m:g (b#£0)

which hold about numbers but do not hold about datatypes. In fact, neither products
nor coproducts have arbitrary inverses X, and so we cannot “ calculate by cancellation”.
How do we circumvent this limitation?

Just think of how we would have gone about (2.3) in case we didn’t know about
the cancellation properties: we would be bound to the 2 by 1 + £ substitution plus
the other properties. By performing such a substitution over and over again we would
obtain...

X
=142
T + 5
> {z by 1+ % substitution followed by simplification}
1+%2 1 =z
=1 2 —14+=-4+=
T + 5 + 5 + 1
“ { the same as ahove}

1The initial and terminal datatypes do have inverses — 0 is its own “additive inverse” and 1 isits own
“multiplicative inverse’” — but not all the others.
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&~

p=14iy e 1 1w
STt T Ty

{ over and over again, n-times}

{ smplification}

n

1 T

T = 5 + ol

i=0

{ sum of n first terms of a geometric progression }
r=C 5+ g

{letn — oo}
r=(2-0)40

{ simplification }
=2
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Clearly, thisisamuch more complicated way of finding solution z = 2 for equation
(2.3). But we would have loved it in case it were the only known way, and this is
precisely what happens with respect to (2.4). In this case we have:

&~

&~

&~

L=1+AXL

{ substitutionof 1 + A x L for L}

L=1+Ax(1+AxL)

{ distributive property (1.50) }

L=21+Ax14+Ax(AxL)

{ unit of product (1.79) and associativity of product (1.32)}

L=1+A+(AxA)xL

{ by (1.80), (1.82) and (1.85)}

LA+ A+ A2 x L

{ another substitution as above and similar simplifications}

LA+ AV + A2+ A3 L

{ after (n + 1)-many similar steps}

LgE}M+A“4xL
=0

Bearing alargen in mind, let us deliberately (but temporarily) ignoreterm A +! x
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L. Then L will be isomorphic to the sum of n-many contributions A?,

each of them consisting of i-long tuples, or sequences, of values of A. (Number ¢
is said to be the length of any sequencein A%.) Such sequences will be denoted by
enumerating their elements between square brackets, for instance the empty sequence
[ ] which isthe only inhabitant in A°, the two element sequence [a , a2] which belongs
to A? provided a;,a, € A, and so on. Note that all such contributions are mutually
digoint, that is, A’ N A7 = () wherever i # j. (In other words, asequence of length i is
never asequenceof length 7, fori # j.) If wejoinall contributions A% into asingle set,
we obtain the set of all finite sequenceson A, denoted by A* and defined as follows:

A €A (2.5)

i>0

The intuition behind taking the limit in the numeric cal cul ation above was that term
saer Was getting smaller and smaller as n went larger and larger and, “in the limit”,
it could be ignored. By analogy, taking a similar limit in the calculation just sketched
above will mean that, for a“sufficiently large” n, the sequencesin A™ are so long that
it isvery unlikely that we will ever use them! So, for n — oo we obtain

o0
L = Y A
=0

Because >7° A* isisomorphicto | J;°, A (see exercise 1.19), we finally have:
L = A"

All in al, we have obtained A* as a solution to equation (2.4). In other words,
datatype L is isomorphic to the datatype which contains al finite sequences of some
predefined datatype A. This corresponds to the HASKELL [ a] datatype, in general.
Recall that we started from the “linked-list datatype” expressed in PASCAL or C. In
fact, wherever the C programmer thinks of linked-lists, the HASKELL programmer will
think of finite sequences.

But, what doesequation (2.4) meanin fact? Is A* the only solution to thisequation?
Back to the numeric field, we know of equationswhich have more than one solution —
forinstancex = #, which admits two solutions 1 and 3 —, which have no solution
at all —forinstancez = x + 1 —, or which admit an infinite number of — for instance
r =1

We will address these topics in the next section about inductive datatypes and in
chapter 3, where the formal semantics of recursion will be made explicit. This is
where the “limit” constructions used informally in this section will be shown to make
sense.
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2.2 Introducing inductive datatypes

Datatype L as defined by (2.4) is said to be recursive because L “recurs’ in the defi-
nition of L itself 2. From the discussion above, it is clear that set-theoretical equality
“="in this equation should give place to set-theoretical isomorphism (*="):

L =2 1+AXL (2.6)
Which isomorphism [, < " 14+ Ax L dowe expect to witness (2.4)? This will
depend on which particular solution to (2.4) we are thinking of. So far we have seen

only one, A*. By recalling the notion of algebra of a datatype (section 1.18), so we
may rephrase the question as: which algebra

A =" 14 A x A*

do we expect to witness the tautology which arises from (2.4) by replacing unknown L
with solution A*, that is

A* = 14+ Ax A" ?

It will haveto be of theformin = [ iny,in. | as depicted by the following diagram:

1— 1y Ax A2 Ax Ax @2.7)
y
Arrowsin; andin. can be guessed rather intuitively: in, = [ ], which will express

the “NIL pointer” by the empty sequence, at A* level, and in, = cons, where cons is
the standard “left append” sequence constructor, which we for the moment introduce
rather informally asfollows:

cons : A x A* = A*

cons(a,[ay,...,a,]) =la,a1,...,a,]

(2.8)
In adiagram:
1— 14 Axax=2
‘ [[],cons
S e

A x A* (2.9)

cons

a

Of course, for in to beiso it needs to have an inverse, which is not hard to guess,

out (14 (hd th)) * (=;?) (2.10)

2By analogy, we may regard (2.3) as a“recursive definition” of number 2.
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where sequence operators hd (head of a nonempty sequence) and t/ (tail of a nonempty
sequence) are (again informally) described as follows:

hd: A —— A

hd[ai,as,...,a,) = a1 (2.11)
tl: A* = *
) [al,GQ,. . .,G,n] = [a[2’ . _’an] (212)

Showing that in and out are each other inversesis not a hard task either:

in =out =id

© { definitions of in and out}
[[],cons] = (!+ (hd,t)) = (=;7) = id
& { +-absorption (1.41) and (1.15)}
[[],cons = (hd tl) ] = (=[;?) =id
> { property of sequences: cons(hd s, tl s) = s}
[[],id] = (=(1?) = id
“~ { going pointwise }
{ = a = [[lid](i1a) o
(=11 a) = [[lid](iza)
© { +-cancellation (1.38) }

{ =[] a = ua —a
ﬁ(:[]a) = ida

“ { a =[] inonecase and identity function (1.9) in the other }
a=[] = a _
Sa=[) = a ~°
© { property (p — f, f) = f holds }
a=a

A comment on the particular choice of terminology above: symbol in suggests that
we are going inside, or constructing (synthesizing) values of A*; symbol out suggests
that we are going out, or destructing (analyzing) values of A*. We shall often resort to
this duality in the sequel.

Are there more solutions to equation (2.6)? In trying to implement this equation, a
HASKELL programmer could have written, after the declaration of type A, the follow-
ing datatype declaration:

data L = Nil () | Cons (A L)
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which, as we have seen in section 1.18, can be written smply as
data L = NI | Cons (A L) (2.13)
and generates diagram

2

1— 214 AxT

AxL (2.14)

in'

Nil I8 Cons

L’

leading to algebrain’ = [ Nil, Cons .

HASKELL seemsto have generated another solution for the equation, whichit calls
L. To avoid the inevitable confusion between this symbol denoting the newly created
datatype and symbol L in equation (2.6), which denotes a mathematical variable, let us
use symbol T to denote the former (T stands for “type”’). This can be coped with very
simply by writing T instead of L in (2.13):

data T = NI | Cons (AT (2.15)

In order to make T more explicit, we will writeint instead of in'.
Some questions are on demand at this point. First of all, what is datatype T? What

areitsinhabitants? Next, is T ——— 1+ A x T aniso or not?

HASKELL will help us to answer these questions. Suppose that A is a primitive
numeric datatype, and that we add der i vi ng Showto (2.15) so that we can “see’
the inhabitants of the T datatype. The information associated to T is thus:

Main> i T
-- type constructor
data T

-- constructors:
Nl oo T
Cons :: (AT ->T

-- instances:
i nstance Show T
instance Eval T

By typing Ni |

Mai n> Ni |
IV .

we confirm that Vil isitself an inhabitant of T, and by typing Cons

Mai n> Cons
<<function>> :: (AT) ->T
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werealizethat Cons isnot so (as expected), but it can be used to build such inhabitants,
for instance:

Mai n> Cons(1,NiI)
Cons (1,Nil) :: T

or

Mai n> Cons(2, Cons(1,Nil))
Cons (2,Cons (1,Nil)) :: T

etc. We conclude that expressions involving Nil and C'ons are inhabitants of type T.
Are these the only ones? The answer is yes because, by design of the HASKELL lan-
guage, the constructors of type T will remain fixed once its declaration is interpreted,
that is, no further constructor can be added to T. Does int have an inverse? Yes, its
inverseis coalgebra

outt: T——=1+AXT
outt Nil = i1 NIL (2.16)
outt(Cons(a,l)) = i2(a,l)

which can be straightforwardly encoded in HASKELL usingtheEi t her realization of
+ (recall sections 1.9 and 1.18):

outT :: T ->Either () (AT
outT Nil = Left ()
outT (Cons(a,l)) = Right(a,l)

In summary, isomorphism

outt

/\
T =} 1+AxT (2.17)

\_/

inT

holds, where datatype T is inhabited by symbolic expressions which we may visualize
very conveniently astrees, for instance

Cons

Cons

1 Nil
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picturing expression Cons(2, Cons(1, Nil)). Nil isthe empty tree and Cons may be
regarded as the operation which adds a new root and anew branch, say a, to atreet:

Cons(a, j ) = .

The choice of symbols T, Ni | and Cons wasrather arbitrary in (2.15). Therefore,
an alternative declaration such as, for instance,

Cons

data U = Stop | Join (A U (2.18)

would have been perfectly acceptable, generating another solution for the equation
under algebra | Stop, Join . It iseasy to check that (2.18) is but arenaming of Nil to
Stop and of Cons to Join. Therefore, both datatypes are isomorphic, or “abstractly
the same”.

Indeed, any other datatype X inductively defined by a constant and a binary con-
structor accepting A and X as parameters will be a solution to the equation. Because
we are just renaming symbolsin a consistent way, all such solutions are abstractly the
same. All of them capture the abstract notion of alist of symbols.

We wrote “inductively” above because the set of all expressions (trees) which i-
nhabit the type is defined by induction. Such types are called inductive and we shall
have alot moreto say about them in chapter 3.

Exercise 2.1 Obvioudly,
either (const []) (:)
does not work asa HASKELL realization of the mediating arrow in diagram (2.9). What do you need to write

instead?
m]

2.3 Observing an inductive datatype

Supposethat oneis asked to express a particular observation of an inductivesuchas T

(2.15), that is, afunction of signature B < ! T for some target type B. Suppose,
for instance, that A is N (the set of all non-negativeintegers) and that we want to add
al elements which occur in a T-list. Of course, we have to guarantee that addition is
availablein Ng,

add : |N0 X |N0 > |N0

add(z,y) EE y
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and that 0 € N, is a vaue denoting “the addition of nothing”. So constant arrow

Ny = = 1 isavallable. Of course, add(0,z) = add(x,0) = z holds, for dl = €

INo. This property means that Ny, together with operator add and constant 0, forms
a monoid, a very important algebraic structure in computing which will be exploited
intensively later in thisbook. The following arrow “packaging” INg, add and 0,

[0.add ]
No ————— 1+ Ng x No (2.19)

is aconvenient way to express such a structure. Combining this arrow with the algebra

inT

T 1+NygxT (2.20)

which defines T, and the function f we want to define, the target of whichis B = Ny,
we get the almost closed diagram which follows, in which only the dashed arrow is yet
to befilled in:

T— " 1 4NgxT (2.21)

INO m ].+|N0 X IN()

We know that int = [ Nil, Cons ]. A pattern for the missing arrow is not difficult to
guess. in the same way f bridges T and INo on the lefthand side, it will do the same
job on therighthand side. So pattern - - - + - - - x f comesto mind (recall section 1.10),

wherethe - --" are very naturaly filled in by identity functions. All in all, we obtain
diagram
[ Nil,Cons ]
T = 14+MNoxT (2.22)
f id+idx f
|N0 < [0,add ] 1+ |N0 X |N0

which pictures the following property of f
f[Nil,Cons] = [0,add] " (id+idx f) (2.23)
and is easy to convert to pointwise notation:;
f[Nil,Cons]=1[0,add] * (id + id x f)
“ { (1.40) on thelefthand side, (1.41) and identity id on the righthand side }
[f*Nil,f »Cons]=[0,add * (id x f)]
“~ { either structural equality (1.58) }
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f=Nil=0
f = Cons =add = (id x f)
“ { going pointwise}

{ (f *Nil)z =0z
(f = Cons)(a,z) = (add * (id x f))(a, )

“ { composition (1.6), constant (1.12), product (1.22) and definition of add }
{ fNil=0
f(Cons(a,z)) =a+ fx
Note that we could have used outt in diagram (2.21),
T T 14+ NgxT (2.24)
f‘/ id4-idx f

|N0 \m ].+|N0 X |N0

obtaining another version of the definition of f,
f = [0,add] = (id+id x f) = outt (2.25)
which would lead to exactly the same pointwise recursive definition:

f=10,add] » (id +id x f) = outr

“ { (1.41) and identity id on therighthand side }
f=10,add « (id x f)] * outy
“ { going pointwise on outt (2.16) }

{ fNil=([0,add = (id x f)] = outt)Nil
f(Cons(a,z)) = ([0,add = (id x f)] * outt)(a,z)

“ { definition of outt (2.16)}

{ fNil=([0,add * (id x f)] = i1)Nil
f(Cons(a,z)) = ([0,add * (id x f)] =i2)(a,z)

© { +-cancellation (1.38) }
fNil =QNil
{ f(Cons(a,z)) = (add = (id x f)) (a,x)
© { simplification }
fNil=0
{ f(Cons(a,z)) =a+ fx

Pointwise f mirrors the structure of type T in having has many definition clauses
as constructorsin T. Such functions are said to be defined by induction on the structure
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of their input type. If we repeat this calculation for IN* instead of T, that is, for
out = (! + (hd, tl)) * (=[17)
— recall (2.10) — taking place of outt, we get a“more algorithmic” version of f:

f=10,add] * (id +id x f) = (! + (hd,tl)) = (=[}?)

YRS { +-functor (1.42), identity and x -absorption (1.25) }
f=10,add] (' +(hd, f = tl)) = (=17
YRS { +-absorption (1.41) and constant 0 }

f=10,add = (hd, f = tl)] = (=[17)
> { going pointwise on guard =7 (1.60) and simplifying }

B l=]] = 0l
fl—{ﬁ(l:[]) = (add = (hd, f = tl))1

“ { simplification }

_f =[] =0
fl—{_(l:[]) = hdl+f(tll)

The outcome of this calculation can be encoded in HASKELL syntax as

f 1] 1 ==1] =0
| otherwise = head | + f (tail I)
or
fl =ifl ==]]
then O
else head | + f (tail 1)

both requiring the equality predicate “==" and destructors“head” and“t ai | ".

2.4 Synthesizing an inductive datatype

The issue which concerns us in this section dualizes what we have just dealt with:
instead of analyzing or observing an inductive type such as T (2.15), we want to be
able to synthesize (generate) particular inhabitants of T. In other words, we want to

be able to specify functionswith signature B 7, T for some given sourcetype B.
Let B = Ny and suppose we want f to generate, for agiven natural number n. > 0, the
list containing all numbersless or equal to n in decreasing order

Cons(n,Cons(n — 1,Cons(...,Nil)))

or theempty list Nil,incasen = 0.
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Let us try and draw a diagram similar to (2.24) applicable to the new situation.
In trying to “re-use” this diagram, it is immediate that arrow f should be reversed.
Bearing duality in mind, we may feel tempted to reverse all arrows just to see what
happens. Identity functions are their own inverses, and in 1 takes the place of outr:

T——" 14+NoxT
f/\ /id+id><f
(PR =1+ Ny x N

Interestingly enough, the bottom arrow is the one which is not obvious to reverse,
meaning that we haveto “invent” aparticular destructor of N, say

g

|N0 =1+ |N0 X |N0

fitting in the diagram and generating the particular computational effect we have in
mind. Once we do this, arecursive definition for f will pop out immediately,

f = int(id+idx f) g (2.26)
which is equivalent to:
f = [Nil,Cons=(idx f)]*g (2.27)

Becausewewant f 0 = Nil to hold, g (the actual generator of the computation) should
distinguish input 0 from all the others. One thus decomposes g as follows,

=0? '+

|N0 = |N0 + |N0

g

% 14 No x N

leaving h tofill in. Thiswill be a split providing, on the lefthand side, for the value to
be C'ons’ ed to the output and, on the righthand side, for the “ seed” to the next recursive
call. Since we want the output values to be produced contiguously and in decreasing
order, we may define h = (id, pred) where, for n > 0,

predn ' n — 1 (2.28)
computesthe predecessor of n. Altogether, we have synthesized
g = ('+ (id, pred)) = (=0?) (2.29)

Filling thisin (2.27) we get
f =[Nil,Cons « (id x f)] = (! + (id, pred)) * (=o?)

& { +-absorption (1.41) followed by x-absorption (1.25) etc.}
f = [ Nil,Cons = (id, f = pred) ] = (=?)
“ { going pointwise on guard =¢? (1.60) and simplifying }

B n=0 = Nil
f"—{ -(n=0) = Cons(n,f(n—1))

which matches the function we had in mind:
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Ni |
Cons(n, f(n-1))

fn| n==
| otherw se

We shall see briefly that the constructions of the f function adding up a list of
numbers in the previous section and, in this section, of the f function generating a list
of numbers are very standard in algorithm design and can be broadly generalized. Let
us first introduce some standard terminol ogy.

2.5 Introducing (list) catas, anas and hylos

Suppose that, back to section 2.3, we want to multiply, rather than add, the elements
occurringinlistsof type T (2.15). How much of the program synthesis effort presented
there can be reused in the design of the new function?

0,add .
It is intuitive that only the bottom arrow INg # 14+ INg x Ny of dia

gram (2.24) needs to be replaced, because this is the only place where we can specify
that target datatype INg is now regarded as the carrier of another (multiplicative rather
than additive) monoidal structure,

[ Lomud |

No ———— 1+ Ng x No (2.30)

for mul(z,y) def y. We are saying that the argument list is now to be reduced by the

multiplication operator and that output value 1 is expected as the result of “nothing left
to multiply”.

Moreover, in the previous section we might have wanted our number-list generator
to produce the list of even numbers smaller than a given number, in decreasing order
(see exercise 2.4). Intuition will once again help us in deciding that only arrow g in
(2.26) needs to be updated.

The following diagrams generalize both constructions by leaving such bottom ar-
rows unspecified,

T— 2 14N xT T— "™ 14NyxT (231
¥ ididx f f/’ /\id+id><f
B—————1+NyxB B————1+NyxB

9 g

and express their duality (cf. the directions of the arrows). It so happens that, for each
of thesediagrams, f is uniquely dependent on the g arrow, that isto say, each particular
instantiation of g will determine the corresponding f. So both gs can be regarded as
“seeds’ or “genetic material” of the £ functionsthey uniquely define 3.

Following the standard terminology, we express these facts by writing f = (g]
with respect to the lefthand side diagram and by writing f = [(g)] with respect to the
righthand side diagram. Read ((g]) as “the T-catamorphisminduced by ¢” and [(g)] as

3The theory which supports the statements of this paragraph will not be dealt with until chapter 3.
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“the T-anamorphisminduced by ¢”. Thisterminology is derived from the Greek words
rkaTa (catd) and ava (ana) meaning, respectively, “ downwards’ and “upwards’ (com-
pare with the direction of the f arrow in each diagram). The exchange of parentheses
“()" and“[]” in double parentheses“ ()" and “[( " isaimed at expressing the duality
of both concepts.

We shall have alot to say about catamorphisms and anamorphisms of a given type
such as T. For the moment, it sufficesto say that

e the T-catamorphisminduced by B —2— 1+ N, x B is the unique function
B ﬂ T which obeysto property (or is defined by)
(gD = g+ (id+idx(g)) = outr (2.32)

which isthe same as

(g) »int = g~ (id+idx (g)) (2.33)

e given B 1+ INg x B the T-anamorphism induced by ¢ is the unique
function B O T which obeysto property (or is defined by)

(9] = int=(id+idx[g)]) g (2.34)

From (2.31) it can be observedthat T can act asamediator between any T-anamorphism

and any T-catamorphism, that isto say, B :([g]) T composeswith T ﬂ C ,for

some ¢ ——1+ Nog x C . In other words, a T-catamorphism call always observe

(consume) the output of a T-anamorphism. The latter producesalist of INgswhichis
consumed by the former. Thisis depicted in the diagram which follows:

B——2 1+NyxB (2.35)
([g])/\ /\id+id><([g])

T— " 14 NexT
(@) ’ /\id+id><[(h)]

C 14Ny xC

What can we say about the (g]) = [[h)] composition? It is a function from B to C
whichresortsto T as an intermediate data-structure and can be subject to the following
calculation (cf. outermost rectanglein (2.35)):

(g) = (h)] = g = (id +id x (g)) * (id +id x [h)) = h
“ { +-functor (1.42) }



60 CHAPTER 2. RECURSION IN THE POINTFREE STYLE

(g * [(n)] = g * ((id »id) + (id x (g)) * (id x [h))) * b
“ { identity and x-functor (1.28) }
(g) = [(r) =g = (id +id x (g) = [(R]) *
(gD *[(h)]

This calculation shows how to define ¢ =
doing without any intermediate data-structure:

B inone go, that is to say,

g

B~ 1+ Ny x B (2.36)
(g *[(n) id+idx (g) * (1)
C—— —1+NyxC

h

As an example, let us see what comes out of (g]) * [(h] for h and g respectively given
by (2.29) and (2.30):

(g) *[(R] =g = (id+idx (g]) = [(h)]) =

© { (g) = [(h) ebbreviatedto f and instantiating h and ¢ }
f=[Lmul]~(id+idx f) (! + (id, pred)) = (=o?)

YRS { +-functor (1.42) and identity }
f=1Lmul]~(+ (idx f) * (id, pred)) = (=0?)

> { x-absorption (1.25) and identity }
f=11mul]~(+ (id, f = pred)) * (=o?)

YRS { +-absorption (1.41) and constant 1 (1.15) }
f=11,mul »(id, f = pred) | * (=o?)

> { McCarthy conditional (1.59) }

f=(=0?7) = 1,mul = (id, f * pred)
Going pointwise, we get
fO = [1,mul+(id, f = pred) ] (i, 0)
= { +-cancellation (1.38) }

10
= { constant function (1.12) }

and

fin+1) = [1mul(id, f = pred) |(i>(n + 1))
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= { +-cancellation (1.38) }
mul = (id, f « pred)(n + 1)
{ pointwise definitions of split, identity, predecessor and mul }

(n+1)x fn

In summary, f is but the well-known factorial function:

{ fo=1
fln+l)=Mn+1)x fn

This result comes to no surprise if we look at diagram (2.35) for the particular ¢
and h we have considered above and recall a popular “definition” of factorial:

nl = nxnh-1)x...x1 (2.37)

v

n tiTnes
Infact, [(h) n produces T-list
Cons(n,Cons(n —1,...Cons(1, Nil)))

as an intermediate data-structure which is consumed by (g) , the effect of which is but
the “replacement” of Cons by x and Nil by 1, therefore accomplishing (2.37) and
realizing the computation of factorial.

The moral of this example is that a function as simple as factorial can be decom-
posed into two components (producer/consumer functions) which share acommon in-
termediate inductive datatype. The producer function is an anamorphism which “rep-
resents’” or produces a “view” of its input argument as a value of the intermediate
datatype. The consumer function is a catamorphism which reduces this intermedi-
ate data-structure and produces the final result. Like factorial, many functions can be
handsomely expressed by a (g]) = [(h)] composition for a suitable choice of the inter-
mediate type, and of g and h. The intermediate data-structure is said to be virtual in
the sense that it only exists as ameans to induce the associated pattern of recursion and
disappears by calculation.

The composition (g]) = [(k) of a T-catamorphism with a T-anamorphism is called
a T-hylomorphism # and is denoted by [g, h]. Because g and h fully determine the
behaviour of the [g, k] function, they can be regarded as the “genes’ of the function
they define. Aswe shall see, this analogy with biology will prove specially useful for
agorithm analysis and classification.

Exercise 2.2 A way of computing n?, the square of a given natural number n, is to sum up the n first odd
numbers. Infact, 12 = 1,22 = 1+ 3,32 = 1 + 3 + 5, etc,, n2 = (2n — 1) + (n — 1)2. Following this
hint, express function

sqn % n2 (2.38)

4This terminology is derived from the Greek word vAoo (hylos) meaning “ matter”.
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as a T-hylomorphism and encode it in HASKELL.
O

Exercise 2.3 Write function 2™ as a T-hylomorphism and encode it in HASKELL.
O

Exercise 2.4 The following function in HASKELL computes the T-sequence of all even numbers less or
equal to n:

fn=if n<=1
then Nil
el se Cons(mf(m2))
where m=if even n then n else n-1
Find its “genetic material”, that is, function g such that f=[g)] in

inT

T=————""—1+MNoxT
[€) id+idx [(g)
INo —g = 1+ INg x INg

2.6 Inductivetypes moregenerally

So far we have focussed our attention exclusively to aparticular inductivetype T (2.20)
— that of finite sequences of non-negative integers. Thisis, of course, of avery lim-
ited scope. First, because one could think of finite sequences of other datatypes, e.g.
Booleans or many others. Second, because other datatypes such as trees, hash-tables
etc. exist which our notation and method should be able to take into account.

Although a generic theory of arbitrary datatypes requires a theoretical elaboration
which cannot be explained at once, we can move a step further by taking the two
observations above as starting points. We shall start from the latter in order to talk
generically about inductive types. Then we introduce parameterization and functorial
behaviour.

Suppose that, as a mere notational convention, we abbreviate every expression of
theform“1 4+ Ng x ...” occurring in the previous sectionby “F...",eg. 1+ Ny x B
byFB,eg.1+Nox ThyFT

outTt
T~
T =] FT 2.39
® (2.39)

in-r
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etc. Thisisthe same as introducing a datatype-level operator

FX %14+ Ny x X (2.40)

which maps every datatype A into datatype 1+INg x A. Operator F capturesthe pattern

of recursion whichisassociated to so-called “right” lists (of non-negativeintegers), that

is, listswhich grow to the right. The dightly different pattern G X ©f 4 X x INo will

generate adifferent, although related, inductive type
X =21+ X xNg (2.41)

— that of so-called “left” lists (of non-negativeintegers). Andit is not difficult to think
of the pattern which is merges both right and left lists and gives rise to bi-linear lists,
better known as binary trees:

X 21+X xNgxX (2.42)

One may think of many other expressions F X and guess the inductive datatype they
generate, for instanceH X def INo +INg x X generating non-empty lists of non-negative
integers (IN;). The general rule is that, given an inductive datatype definition of the
form

X =~ FX (2.43)

(also called adomain equation), its pattern of recursion is captured by a so-called func-
tor F.

2.7 Functors

The concept of afunctor F, borrowed from category theory, isamost generic and useful
devicein programming °. Aswe have seen, F can be regarded as a datatype constructor
which, given datatype A, builds a more elaborate datatype F A; given another datatype
B, builds a similarly elaborate datatype F B; and so on. But what is more important
and has the most beneficial consequencesis that, if F is regarded as a functor, then its
data-structuring effect extends smoothly to functions in the following way: suppose

that B S A isafunction which observes A into B, which are parametersof F A

and F B, respectively. By definition, if F is afunctor then F B L FA existsfor
every such f:

A .............. FA
f‘ Fr
B FB

5The category theory practitioner must be warned of the fact that the word functor is used here in atoo
restrictive way. A proper (generic) definition of afunctor will be provided later in this book.
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F f extends f to F-structures and will, by definition, obey to two very basic properties:
it commutes with identity

Fida = id a (2.44)
and with composition
Flgrh) = (Fg)+(Fh) (2.45)
Two simple examples of afunctor follow:

o |dentity functor: defineF X = X, for every datatype X, and F f = f. Properties
(2.44) and (2.45) hold trivially just by removing symbol F wherever it occurs.

e Constant functors: for a given C, define F X = C (for all datatypes X) and
F f = id¢, asexpressed in the following diagram:

Properties (2.44) and (2.45) hold trivially again.

In the same way functions can be unary, binary, etc., we can have functors with
more than one argument. So we get binary functors (also called hifunctors), ternary
functors etc.. Of course, properties (2.44) and (2.45) have to hold for every parameter
of an n-ary functor. For abinary functor B, for instance, equation (2.44) becomes

B (ida,idp) = idg(a,p) (2.46)
and equation (2.45) becomes
B(g*h,i=j) = B(g,i)*B(hj) (2.47)

Product and coproduct are typical examples of bifunctors. In the former case one
hasB(A,B) = A x BandB(f,g) = f x g — recal (1.22). Properties (1.29) and
(1.28) instantiate (2.46) and (2.47), respectively, and this explains why we called them
the functorial properties of product. In the latter case, onehasB (4, B) = A + B and
B(f,g) = f+g—recal (1.37) — and functorial properties (1.43) and (1.42). Finally,
exponentiation is a functorial construction too: assuming A, onehas F X 4ef x4 and
Ff def f = ap and functoria properties (1.71) and (1.72). All thisis summarized in
table 2.1.

Such as functions, functors may compose with each other in the obvious way: the
composition of F and G, denoted F = G, is defined by

F-GX ¥ F(GX) (2.48)
FGf ¥ F@Gy (2.49)
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| Data construction | Universal construct | Functor | Description |

AXx B (f,9) f xg | Product
A+B [f,9] f+g | Coproduct
BA f A Exponential

Table 2.1: Datatype constructions and associated operators.

2.8 Polynomial functors

We may put constant, product, coproduct and identity functors together to obtain so-
called polynomial functors, which are described by polynomia expressions, for in-
stance

FX=1+AxX

—recall (2.6). A polynomial functor is either
e aconstant functor or the identity functor, or
o the (finitary) product or coproduct (sum) of other polynomial functors, or
o the composition of other polynomial functors.

So the effect on arrows of a polynomial functor is computed in an easy and structured
way, for instance:

Ff

1+AxX)f
= { sum of two functorswhere A isaconstant and X isavariable }
(Df + (A x X)f
= { constant functor and product of two functors }
idy + (A)f x (X)f
= { constant functor and identity functor }
idy +idg X f
= { subscripts dropped for simplicity }
id+idx f
So, 1+ A x f denotesthe sameasid; + ida x f, or eventhesameasid + id x f if
one drops the subscripts.
It should be clear at this point that what was referred to in section 1.10 asa “sym-
bolic pattern” applicable to both datatypes and arrows s after al afunctor in the math-
ematical sense. The fact that the same polynomial expression is used to denote both

the data and the operators which structurally transform such datais of great conceptual
economy and practical application. For instance, once polynomial functor (2.40) is
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assumed, the diagramsin (2.31) can be written as simply as

T— T FT T— ™ FT (2.50)
f‘ Ff f] ]Ff
B——FB B—————FB

It isuseful to know that, thanksto the isomorphism laws studied in chapter 1, every
polynomial functor F may be put into the canonical form,

FX Co+ (C1 x X)+(Cy x X2) + -+ (Cp x X™)

— S O X (2.51)
- =0 '
and that Newton’s binomial formula
(A+B)" =) "Cpx A" 7 x B? (2.52)

p=0

can be used in such conversions. These are performed up to isomorphism, that is to
say, after the conversion one gets a different but isomorphic datatype. Consider, for

instance, functor

FX Y Ax(1+x)2

(where A is aconstant datatype) and check the following reasoning:

FX = Ax(1+X)?
{ law (1.85) }
Ax (1+X)x (1+ X))
{ law (1.50) }
Ax(I1+X)x1+(1+X)xX))
{ laws (1.79), (1.31) and (1.50) }
Ax(1+X)+(1x X +X x X))
{ laws (1.79) and (1.85) }
Ax (1+X)+ (X +X?))
{ law (1.46) }
Ax (1+ (X +X)+X?)
{ canonical form obtained vialaws (1.50) and (1.86) }

1

1

12

1

1%

1%

A +Ax2xX+ A xX?
AN ~~
CO Cl 02
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Exercise 2.5 Synthesize theisomorphism A + A x 2 x X + A x X2 ——— A x (1 + X2) implicit
in the above reasoning.

]

2.9 Polynomial inductive types

An inductive datatype is said to be polynomial wherever its pattern of recursion is
described by a polynomial functor, that is to say, wherever F in equation (2.43) is
polynomial. For instance, datatype T (2.20) is polynomial (n = 1) and its associated
polynomial functor is canonically defined with coefficients Cy = 1 and Cy = INg. For
reasons that will become apparent later on, we shall awaysimpose Cy # 0to holdin
apolynomial datatype expressed in canonical form.

Polynomial types are easy to encodein HASKELL wherever the associated functor
isin canonical polynomial form, that is, wherever one has

T o~ S, Cix T (2.53)
\_/ 2
in-r
Then we have
int € [ fi,..os fa ]

where, fori = 1,n, f; isan arrow of type T—— C; x T? . Since n is finite, one
may expand exponentials according to (1.85) and encode thisin HASKELL asfollows:

data T = Q0 |
C1 (CL,T) |
2 (ICZ,(T,T)) |
o (On (T, ..., T))

Of course the choice of symbol G to realize each f; is arbitrary ©. Several instances
of polynomial inductive types (in canonical form) will be mentioned in section 2.13.
Section 2.15 will address the conversion between inductive datatypes induced by so-
called natural transformations.

The concepts of catamorphism, anamorphism and hylomorphism introduced in
section 2.5 can be extended to arbitrary polynomial types. We devote the following
sections to explaining catamorphisms in the polynomial setting. Polynomial anamor-
phisms and hylomorphismswill not be dealt with until chapter 3.

6A moretraditional (but less close to (2.53)) encoding will be
dataT=0| CtaT|C22TT| ... | Gith T... T (2.54)

delivering every constructor in curried form.
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2.10 F-algebrasand F-homomorphisms

Our interest in polynomia types is basically due to the fact that, for polynomial F,
equation (2.43) always has a particularly interesting solution which correspondsto our
notion of arecursive datatype.

In order to explain this, we need two notions which are easy to understand: first,

that of an F-algebra, which simply is any function o of signature 4 —>—F 4. A
is caled the carrier of F-algebra o and contains the values which o manipulates by
computing new A-values out of existing ones, according to the F-pattern (the “type’
of the algebra). As examples, consider [ 0, add ] (2.19) and int (2.20), which are both
agebrasof type FX = 1 + INg x X. The type of an algebra clearly determinesits
form. For instance, any algebraa of typeF X = 1+ X x X will beof form [ ay, a2 ],
where o is a constant and a» is a binary operator. So monoids are algebras of this
type’.

Secondly, we introduce the notion of an F-homomorphismwhich is but a function
observing a particular F-algebra « into another F-algebra 3:

FA  fra=B-(F)) (2.55)

A - (e

f ‘ ‘ Ff

B ’T FB

Clearly, f can beregarded as a structura translation between A and B, that is, A and
B have asimilar structure 8. Note that — thanks to (2.44) — identity functions are al-

ways (trivial) F-homomorphismsand that — thanksto (2.45) — these homomorphisms
compose, that is, the composition of two F-homomorphismsis an F-homomorphism.

2.11 F-Catamorphisms

An F-algebra can be epic, monic or both, that is, iso. 1so F-algebras are particularly
relevant to our discussion because they describe solutions to the X = F X equation
(2.43). Moreover, for polynomial F a particular iso F-algebra aways exists, which is

denoted by pF —=— F uF and has special properties. First, its carrier is the smallest
among the carriers of other iso F-algebras, and thisiswhy it is denoted by uF — p for
“minimal” °. Second, it is the so-called initial F-algebra. What does this mean?

It meansthat, for every F-algebra« there exists one and only one F-homomorphism
between in and «. This unique arrow mediating in and « is therefore determined by
« itself, and is called the F-catamor phism generated by «. This construct, which was
introduced in 2.5, isin genera denoted by () ¢

7But not every algebra of thistype isamonoid, since the type of an algebra only fixes its syntax and does
not impose any properties such as associativity, etc.

8Cf. homomorphism = homo (the same) + morphos (structure, shape).

9 uF means the least fixpoint solution of equation X2 F X, aswill be described in chapter 3.
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pF = F uF (2.56)
f:([aDF‘ F([O‘])F
A T FA

We will drop the F subscript in (o) wherever deducible from the context, and often
call o the“gene” of (o).

As happens with splits, eithers and transposes, the uniqueness of the catamor-
phism construct is captured by a universal property established in the class of al F-
homomorphisms:

k=) & k-in=a-Fk (2.57)

According to the experience gathered from section 1.12 onwards, afew properties can
be expected as consegquences of (2.57). For instance, one may wonder about the “ gene”
of the identity catamorphism. Just let £ = id in (2.57) and see what happens:

id=(a)eid"in=a-Fid
{ identity (1.10) and F isafunctor (2.44) }

id=(a) ©in=aid
= { identity (1.10) onceagain }
id=(a) ©@in=qa
= { areplaced by in and simplifying }
id = (in)
Thus one finds out that the genetic material of the identity catamorphism is the initial
algebrain. Which isthe same as establishing the reflection property of catamorphisms:

Cata-reflection :
pF = F uF (in) = id,F (2.58)
(in)

F (in))

W \

HFTF,U,F

In a more intuitive way, one might have observed that (in)) is, by definition of in, the
unigque arrow mediating uF and itself. But another arrow of the same type is aready
known: the identity id,,r. So these two arrows must be the same.

Another property following immediately from (2.57), for k = (a]), is

Cata-cancellation :

(@) =in=a *F(a) (2.59)
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Becausein isiso, thislaw can be rephrased as follows
(a) =a *F(a) *out (2.60)

where out denotesthe inverse of in:

F uF

out
T T

uF &
\_/

Now, let f be F-homomorphism (2.55) between F-algebras o and 3. How does it
relate to (a]) and (3)? Note that f = («]) is an arrow mediating uF and B. But B is
the carrier of 8 and (3)) is the unique arrow mediating uF and B. So the two arrows
arethe same:

Cata-fusion :

uF <" FuF fe(a)=(8) if f-a=p-Ff (261)

(o) | FeD
A‘T F/A
f‘ ‘/Ff
B—FB

B

Of course, this law is also a consequence of the universal property, for k = f = («a)):

frl@=0) & () in=6F( ()

& { compositionis associative and F is afunctor (2.45) }
fr(@) in=p+Ff+F(a)

= { cata-cancellation (2.59) }
frarFla)=p+FfF(a)

& { require f to be a F-homomorphism (2.55) }
fraFla)=fraFla)Afa=0-Ff

= { simplify }
fra=p-Ff

The presentation of the absorption property of catamorphisms entails the very im-

portant issue of parameterization and deserves to be treated in a separate section, as
follows.
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2.12 Parameterization, typefunctorsand cata-absor ption

By analogy with what we have done about splits (product), eithers (coproduct) and
transposes (exponential), we now look forward to identifying F-catamorphisms which
exhibit functoria behaviour.

Suppose that one wishes to square all numbers which are members of lists of type
T (2.20). It can be checked that

([ Nil, Cons = (sq x id) ]) (2.62)

will dothisfor us, where Ny — X INo isgivenby (2.38). Thiscatamorphism, which
converted to pointwise notation is nothing but function 4 which follows

h Nil = Nil
h(Cons(a,l)) = Cons(sga,hl)

mapstype T toitsalf. Thisis because sg mapsINg to INy. Now suppose that, instead of
f

sg, onewould like to apply agiven function B INy (for some B other than IN,)
to all elements of the argument list. It is easy to see that it suffices to replace f for sq
in (2.62). However, the output type no longer is T, but rather type T' =2 1+ B x T'.

TypesT and T’ arevery closeto each other. They sharethe same* shape” (recursive
pattern) and only differ with respect to the type of elements— INy in T and B in T,
This suggests that these two types can be regarded as instances of a more generic list
datatype List

List X >~ 14+ X x List X (2.63)
\_/
in=[ Nil,Cons |

in which the type of elements X is alowed to vary. Thusonehas T = List N and
T’ = List B.

It can be seen by inspection that, for any B S A,
([ Nil, Cons = (f x id) ) (2.64)
maps List A to List B. Moreover, for f = id one has:
([ Nil,Cons = (id x id) ]))
{ by the x-functor-id property (1.29) and identity }
([Nil,Cons])
{ cata-reflection (2.58) }

id
Therefore, by defining

Listf % ([ Nil,Cons = (f x id) ])
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what we have just seen can be written thus:
Listidg = idiista

This is nothing but law (2.44) for F replaced by List. Moreover, it will not be too
difficult to check that

List(g  f) = Listg = Listf

also holds — cf. (2.45). Altogether, this means that List can be regarded as a functor.

In programming terminology one says that List X (the “lists of X's datatype”) is
parametric and that, by instantiating parameter X, one gets ground lists such aslists of
integers, booleans, etc. The illustration above deepens one's understanding of param-
eterization by identifying the functorial behaviour of the parametric datatype along its
parameter instantiations.

All this can be broadly generalized and |eads to what is commonly known by atype
functor. First of all, it should be clear that the generic format

T = FT

adopted so far for the definition of an inductive typeis not sufficiently detailed because
it does not provide a parametric view of T. For simplicity, let us suppose that only one
parameter isidentified in T. Then we may factor this out viatype variable X and write
(overloading symbol T)

TX = B(X,TX)

where B is called the type’s base functor. Binary functor B(X,Y") is given this name
because it is the basis of the whole inductive type definition. By instantiation of X
one obtains F. In the example above, B (X,Y) = 1+ X x YV andinfact FY =
B (No,Y) =1+ Ny x Y, recal (2.40). Moreover, one has

Ff = B(id,Jf) (2.65)
and so every F-homomorphism can be written in terms of the base-functor of F, e.g.
fra=p+-B(id,f)

instead of (2.55).
T X will bereferred to as the type functor generated by B:

TX = B(X,TX)
N —_——
type functor base functor

We proceed to the description of itsfunctorial behaviour — T f —for agiven B S A .
Asfar astyping rules are concerned, we shall have

B—4
Tf
7B T4
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So we should be ableto express T f asaB (A4, _)-catamorphism (g)):

inT A

A TA—"T% B(A,TA)
! l T f=() B (id,T f)
B TB- ——B(4,TB)

Aswe know that inT g is the standard constructor of values of type T B. So we may
put it into the diagram too:

A TA- T A B(A,T A)

; l T f=(s) B (id,T /)

B TB- - B(A,TB)
B(B,TB)

The catamorphism’s gene g will be synthesized by filling the dashed arrow in the dia-
gram with the obvious B (f, id). Thus one gets

def

Tf = (inte*B(f,id) (2.66)
and afinal diagram, wherein 4 isabbreviated by in 4 (ibid. int g by inp):

inA

A TA-= B(A,TA)

f T f=(ins "B (f,id)) B (id,T f)
—B(B, TB)——B(A,TB

B B inp (B, )B(f,id) (4, )

Next, we proceed to derive the useful law of cata-absorption

)Tf = (9=B(f,id) (2.67)
as a consequence of the laws studied in section 2.11. Our target is to show that, for
kE=(g) * T fin(257),0negetsa =g = B(f,id):

(gD = Tf=(a)

& { type-functor definition (2.66) }
(9) = (ins * B(f,id)) = (o)

& { cata-fusion (2.61) }

(g) *inp * B(f,id) = a = B(id, (g])
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& { cata-cancellation (2.59) }
B (id, (g]) * B (f,id) = o * B (id, (g))
& { Bisabi-functor (2.47) }
B (id = f, (9] id) = a = B(id, (g])
& { idisnaturd (1.11) }
g *B(f »id,id * (g)) = a * B (id, (g])
& { (2.47) again, thistime from left to right }
B (f,id) » B (id, (9)) = o * B (id, (g))
& { obvious}
g*B(f,id) = a

The following diagram pictures this property of catamorphisms:

inA

A B(4,TA)

f ‘/ ‘B(id,Tf)
‘/ B(B (F2)) B (4,(9))
C = B,0) ST B(A,C)

It remains to show that (2.66) indeed defines a functor. This can be verified by
checking properties (2.44) and (2.45) for F = T:

e Property type-functor-id, cf. (2.44):

Tid
{ by definition (2.66) }

(ing = B (id,id))

= { Bisabi-functor (2.46) }
(inp *id)

= { identity and caterreflection (2.58) }
id

¢ Property type-functor, cf. (2.45) :

T(f9)
= { by definition (2.66) }
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(ing *B(f * g,id))
{ identitiesand B is a bi-functor (2.47) }
{ cata-absorption (2.67) }
(inp *B(f,id)) * Tg
{ again cata-absorption (2.67) }
(ing) "Tf=Tyg
{ catareflection (2.58) followed by identity }
Tf=Tg

2.13 A catalogueof standard polynomial inductivetypes

The following table contains a collection of standard polynomial inductive types and
associated base type bi-functors, which arein canonical form (2.53). Thetable contains
two extra columns which may be used as bookmarks for equations (2.69) and (2.66),
respectively 10:

| Description | TX | B(X,Y) | B(d,f) | B(fid) |
“Right” Lists List X 1+ X XY | id+idx f | id+ f xid
“Left” Lists LList X 1+4Y xX | id+ fxid | id+idx f (2.68)
Non-empty Lists | NList X | X + X xY | id+idx f | f+ fxid
Binary Trees BTreeX | 1+ X x Y2 |did+idx f? | id+ f x id
“Lea” Trees [TreeX | X +Y? id + f? F+id

All type functors T in this table are unary. In general, one may think of inductive
datatypes which exhibit more than one parameter. Should n parameters be identified
in T, then thiswill be based on ann + 1-ary base functor B, cf.

T(X1,...,X,) B(X;,..

X, T(XY, .., XR))

So, every n + 1-ary polynomial functor B(X, ..., X,,, X,,+1) can beidentified as the
basis of an inductiven-ary type functor (the conventionisto stick to the canonical form
and reserve the last variable X, for the “recursive cal”). While type bi-functors
(n = 2) are often found in programming, the situation in which n > 2 is relatively
rare. For instance, the combination of |eaf-trees with binary-treesin (2.68) leads to the
so-called “full tree” type bi-functor

[ Description [ T(X,,Xs) | B(X1,X5,Y) | B(id,id, f) | B(J,g,id) 1269)
[ “Full” Trees [ Flree(X1, Xo) | X1 + Xo x Y2 [ id+idx [ | f+gxid |

10Since (id4)? = id( 42, onewrites id” to id in this table.
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As we shall see later on, these types are widely used in programming. In the actual
encoding of these typesin HASKELL, exponentials are normally expanded to products
according to (1.85), see for instance

data BTree a = Enpty | Node(a, (BTree a, BTree a))
Moreover, one may chose to curry the type constructorsasin, e.g.

data BTree a = Enpty | Node a (BTree a) (BTree a)

Exercise 2.6 Write as a catamorphism the function which counts the number of elements of a non-empty
list (type NList in (2.68)).
O

Exercise 2.7 Write the function which computes the maximum element of a binary-tree of natural numbers
as a catamorphism.
O

Exercise 2.8 Characterize the function which isdefined by ([ IVil, h ]]) for each of the following definitions
of h:

h(z,(y1,y2)) = y1+ [z] H 2 (2.70)
h = H *(sngl x +) (2.71)
h = +H = (H xsngl) * swap (2.72)

assuming singl a = [a]. What datatype in (2.68) are we talking about?
|

Exercise 2.9 Write as a catamorphism the function which computes the frontier of a tree of type LTree
(2.68), listed from left to right.
O

2.14 Functorsand typefunctorsin HASKELL

The concept of a (unary) functor is provided in HASKELL in the form of a particular
class exporting the map operator:

cl ass Functor f where
mp :: (a->b) ->(f a->f b)

Sonmap g encodesF g once we declare F as an instance of class Funct or . The most
popular use of map hasto dowith HASKELL lists and thisis allowed by declaration

i nstance Functor [] where

map f [] =[]
map f (x:xs) =f x : map f xs
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inthe HuGs Standard Prelude.
In order to encode the type functors we have seen so far we have to do the same
concerning their declaration. For instance, if we write

i nstance Functor BTree
where map f =
cataBTree ( inBTree . (id -|- (f ><id)) )

concerning the binary-tree datatype of (2.68) and assuming appropriate declarations
of cat aBTr ee and i nBTr ee, then nmap is overloaded and used across such binary-
trees.

Bi-functors can be added easily by writing

cl ass Bi Functor f where
bmep :: (a->b) ->(c ->d) ->(f ac->f bd

Exercise 2.10 Declare all datatypes in (2.68) in HASKELL notation and turn them into HASKELL type
functors, that is, define map in each case.
O

Exercise2.11 Declare datatype (2.69) in HASKEL L notation and turn it into an instance of classBi Funct or .

]

2.15 Inductive datatype conver sion and isomor phism

The T f “map” operation is a special case of a transformation between two inductive
datatypes (in which the pattern of recursion remains unchanged). In a more general
setting, suppose one is given two inductive datatypes T and U defined by functors F
and G, respectively:

T FT

~_ -

inT
and

U GU

~

inU
Moreover suppose that recursion pattern G can be converted to recursion pattern F via
polymorphicmap F X —— G X . It can be checked that

([inT . VT])G (2.73)



