
Chapter 5

Operation Refinement

5.1 Intr oduction

Transformationalalgorithmicdesign(vulg. programcalculation)involvesthe follow-
ing steps:

1. Calculationof a concrete-level simulation of the specification,i.e. of the high-
level operationwewantto realize(or “get rid of abstractionfunctions”).

2. Calculationof an efficient versionof sucha simulation(or “changepatternre-
cursion”).

3. Encodingof 2 in a concreteprogramminglanguage(or “get rid of mathematics
altogether!”).

5.1.1 Step1 (simulation)

In general,let ���������
	
bea morphismspecifyingsomeoperationinvolving data-types� and 	 . Supposewe
havealreadycalculatedtherepresentation� and 	 (datarefinement):� ��� 	

����
� �

	�� �
� �

Theideais to “close” thisdiagram,� ���� 	
����
� �

��� �� 	��
�� � (5.1)
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sothat ��� “simulates”thebehaviour of � atconcrete-level,��� ����� � �"! (5.2)

thatis, thediagramcommutes.Weregard � � asthe“unknown” of equation(5.2).Note
that theremaybemany solutionsfor � � in equation(5.2)— thetypical “one-abstract
to many-concrete”relationshipof (functional)refinement.

“Simulation” amountsto exhibiting thesameobservationalbehaviour:��#�$&%('� )+*-,.#/�1032-#54�06���87 ! #549� #;:<(= �?> ����#/�A@
Thechoiceof aparticularrangerepresentationfunction B (i.e. suchthat �C� B � <ED ) will
determineaparticularsolution: � � � B � � �F! (5.3)

For injective � thischoiceis unique: B � �9G � . Thentheideais to calculatefurther� � � B � � �-!� H"H&H
...� H"H&HI���JH"H&H /*expression free of ! and � */

thusobtaininga(possiblyrecursive)simulation� � which is no longerdefinedin terms
of abstraction/representationfunctions. It is easyto seethat (5.3) canbeobtainedby
fusion laws suchascatamorphismfusion (2.61) wherever ! and � areexpressedby
catamorphisms.

In general,theremayexist morethanonesolutionandideais to transformrefine-
mentequation(5.2) so that ! eventuallygivesplaceto � and � is eventually“pulled”
up to theoutermostplaceon theright-handside,�K� � � � � �-!� H&H"H

...� H&H"H � H"H&HI���LH"H&H

...� ���-MN> H"H&HO���JH&H"H @
sothatabstractionmap � canbefactoredout from bothsidesof theobtainedequation:� � $&%('� MN> H"H&HI� � H"H&HP@
(Of course,theremayexist anotherM 4 suchthat ���QM 4 > H"H&HO���JH&H"H @ canalsobeobtained
by alternativecalculation.)
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5.1.2 Step2 (algorithmic refinement)

This is thestepconcernedwith “efficiency”. Thiscanbeobtainedin many wayswhich
aredependenton thetargetmachinearchitecture:R Changeof virtual data-structure,or changingthealgorithmiccontrol:

– left-lists( SUT �WVFX T Y � ) leadto Z > V-@ spacecomplexity (vulg.recursion-
removal transformationstargettedatsynthesizingfor/while -loopsfrom
recursiveequations.)

– binary-trees( S[T �V�X\� Y]T_^ ) leadto Z > )a` � = @ time complexity (e.g.
the‘quicksort’ implementationof insertionsort).

– (monoid)accumulationstrim Z > = ^ @ time complexity down to Z > = @ time
complexity.

– vital rôleof exponentials!R refinementby “sequentialloop” inter-combination:fusionandabsorptionlaws
+ deforestation(removal of intermediatedata-structures)R refinementby “parallel loop” inter-combination:mutual recursionelimination
(for this purposewe will seeFokkinga’s law andits well-known corollary, the
“banana-split”law)

5.1.3 Step3 (codegeneration)

Codegenerationconsistsof carrying“program” transformationevenfurther,

...� � � H&H"H M H&H"H� H&H"H

...� b bPc c
until the formal semanticsb bPc c of someexecutablepieceof codeP (in the targetpro-
gramminglanguage)is found.

5.2 Examplesof simulation calculation (step1)

Themostobvious illustrationof step1 is the simulationof functorial operationsim-
plicit in theabstractionfunctionnaturalitycondition(polymorphism),e.g.the“setsrep-
resentedby lists” datarefinement:

��Jde
�8f elemsg���Fh de

i � j �de	 	 f
elemsk�� i 	

(5.4)
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It is easyto seein this diagraman instanceof diagram(5.1) — just rotateit anti-
clockwise— for �]� i ! and ����� ! f .

Let usnow seea simpleexampleof simulationcalculationinvolving cata-fusion.
Considerthefairly standardrefinementequationl *F)+` = � B > #9mOn/@[� #o0 elemsn (5.5)

relative to the diagramof the “find” operationin thesame“setsrepresentedby lists”
refinement:

� Y i � p �� q?r5r/s
� Y � f

tvuxw elems

� �
y(z({}|O~ �A� �� q?r5r/s

t�u� � l *F)+` = � B ��0 �v> <(D Y elems@

We wantto calculate
l *F)a` = � B . We startby currying(5.5)on thefirst parameter:l *F)+` = � B ��0 ��> <ED Y elems@� 2 by (1.64) :l *F)+` = � B #K� 0 ��> <ED Y elems@�#� 2 by !o��>�� Y]� @�#�� >�> !��A� @�#�@ � � :l *F)+` = � B #K� >�> 0 � <ED @�#�@ � elems� 2 identity :l *F)+` = � B #K� > 0�#�@ � elems

In adiagram:

i � pJ� �� q?r5r/s
� felems

� �
y(z({}|O~ �A� � �� q?r5r/s

t�u� � l *F)+` = � B #�� > 0�#�@ � elems (5.6)

Recall that elems � > b�bF� ma�;��, B[cvc @O� , where �;��, B ��� ��> sings Y <ED @ , sings#��
2F#;:
(singletonset)and S[T ��V�X�� Y�T :

�8f
elems�L� � �&� � �&�-� ��� � � de

| �-� �� V�X�� Y � ft ~ ¡ tvu£¢¤t�uxw elems
dei � V�X�� Y i ��A� � �&�"� �¤� ¡
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So,equation(5.6)is anopportunityto applycata-fusion(2.61),by switchingunknown
from

l *F)+` = � B to ¥ suchthat l *F)+` = � B #�� > b ¥¤c @
holds,providedthebottomsquarebelow commutes:

� f
y(z({v|�~ �A� � ¦§

elems
de

V�X¨� Y � ft�u£¢¤t�uxw elems
de

� ~ t { � © |�~ ��� ¡
i �
pJ�de

V�X¨� Y i ��Q� � �&�-� �?� ¡ t�u£¢¤t�uxw � pJ� �deq?r5r/s V�X¨� Y q?r5r/sª ¡
Let ¥ �«b ¥ �Fm ¥ ^ c . Thedetailedreasoningis asfollows:> 0�#5@ �¬> bvb�� ma�;��, Bc�c @[� > b ¥?c @® 2 by cata-fusion(2.61):> 0�#5@ � b�� m+�9�9, BUc � ¥ �¯> <ED X <ED Y > 0�#�@O@� 2 by X -fusion (1.40), ¥ ��b ¥ �Fm ¥ ^ c and X -absorption(1.41):b > 0�#�@ � � m > 0�#�@ � �;��, BUc �Wb ¥ ��m ¥ ^ �¯> <ED Y > 0�#�@O@ c� 2 by !N�-° � !�° anddefinitionof �;��, B :± ¥ ��� > 0�#�@/�¥ ^ �¯> <ED Y > 0�#�@�@�� > 0�#�@ � � ��> sings Y <(D @� 2 uncurryingand #N0]²���n�� > #o0�²�@¤³ > #o0´n/@[:± ¥ � �µ#N06�¥ ^ �¯> <ED Y > 0�#�@�@�� ³ ��>O> 0�#�@ Y > 0�#�@�@ ��> sings Y <ED @� 2 Y -functor:± ¥ ��� FALSE¥ ^ �¯> <ED Y > 0�#�@�@�� ³ ��>O> 0�#�@ � sings Y > 0�#�@�@� 2 by #N032 l :1� > #K� l @ , thatis, > 0�#5@ � sings � ��#�:± ¥ ��� FALSE¥ ^ �¯> <ED Y > 0�#�@�@�� ³ ��>O> ��#�@ Y > 0�#5@O@� 2 by introductionof two

<ED :± ¥ ��� FALSE¥ ^ �¯> <ED Y > 0�#�@�@�� ³ ��>O> ��#�@ Y <ED @ �¯> <ED Y > 0�#�@O@® 2 notetheimplicationsign :
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So,by cata-fusion(2.61)wehaveobtainedl *F)+` = � B #�� > bvb FALSE mI³ �¯>O> ��#�@ Y <ED @ cvc @ (5.7)

thatis, goingpointwiseanduncurried:l *F)a` = � B > #�m�n/@ $"%('�± n¶��b c¸· FALSEn_¹��b c¸· #�� hd n�³ l *F)+` = � B > #�m tl n�@ (5.8)

In summary, we have achieved thepurposeof step1:
l *F)a` = � B is definedin termsof

itself (abstraction/representationfunctionshavevanished).

5.3 Algorithmic refinement:changingthe virtual data-
structure

The
l *F)+` = � B catamorphism(5.7,5.8)calculatedin theprevioussectionis describedby

diagram

�8fy(z({}|O~ �A� � de
V�X�� Y � f� ~ t { � © |O~ �?� ¡ tvu£¢ºtvuxw y»zE{}|�~ �Q� �deq?r¬r;s V�X�� Y q?r5r;s� FALSE � ¼9½ �+� � � � w�t�u ��� ¡

andimplementsa linearly recursivesearch.Thusit is not particularlyefficient. More-
over, thesearchwill not stoponce# is foundin thelist.

Linearsearchcanbeconvertedinto themoreefficient bilinearsearchby changing
the patternof recursionfrom lists to binary trees( S[T �¾V�X¿� YÀT_^ ), leadingtoZ > )+` � = @ timecomplexity:

� fy(z({}|O~ �A� � de
V�X�� Y � f� ~ t { � © |O~ �¤� ¡ tvu£¢ºtvuxw � y(z({}|O~ �A� � �de

V�X�� Y > � f Y � f @tvu£¢ºtvuxw � y(z({}|O~ �A� � w y(z({}|O~ �A� � �deq?r5r;s V�X�� Y q?r5r;s� FALSE � ¼9½ �+� � � � w�t�u ��� ¡ V�X�� Y > Bool Y Bool @
This change,which mustnot loseor mix information(it mustbe injective) is the

sameusedin the‘quicksort’ implementationof insertionsort:<ED X6��#¬Á-,
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where �9#¬ÁF, > #�mI)a@ $"%('� )a*-, Á���b ²�7£²�ÂÃ)/Ä�²ÆÅ\# c)º��b ²�7A²KÂÃ)/Ä�²6Ç�# c<(= > #9m > Á�mI)a@�@
Notethat

<ED X���#�ÁF, is in fact injective: it has
<ED X <ED Y > XvX�@ asa left-inverse.Sowe

areled to

� fy(z({}|O~ �A� � de
V�X�� Y � f� ~ t { � © |�~ �?� ¡ t�u£¢¤tvuxw � y(z({}|O~ �A� � �de

V�X¨� Y > � f Y � f @t�u£¢¤t�uxw � ¢ ¢ � ¡ t�u£¢¤t�uxw � y(z({}|O~ �A� � w y(z({}|O~ �A� � �deq?r5r/s V�X�� Y q?r5r/s� FALSE � ¼9½P��� � � � w�t�u �5� ¡ V�X¨� Y > Bool Y Bool @È ¡
where É mustbechosensothat therighthandsidesquarecommutes.It is easyto see
that

É $&%('� <ED X <ED Y ³
is agoodchoice,sincel *-)a` = � B > #9mOÁÊXvX¨)»@ÌË l *F)+` = � B > #�m�Áx@�³ l *F)+` = � B > #�mO)»@
All in all, we get the following bilinear versionof

l *F)+` = � B (we omit the conversion
from pointfreeto pointwisenotation):lAl *F)+` = � B > #�mO)»@Í$"%('� < ! n����Wb c, � * = FALSE*-) B *3#�� hd )/³Ì)+*-, Á���b ²�7A²KÂ tl )/Äo²ÆÅ\# c,�«b ²´7£²KÂ tl )/Ä�²6Ç�# c<»= lAl *F)+` = � B > #�m�Áx@�³ lAl *F)+` = � B > #�m�,�@
This solutionwill run in logarithmictime at thecostof extra dynamicstorage(binary
recursion).Anotherdrawbackis that it still doesnot stoponce # is found. In thenext
sectionwewill seehow to go in theoppositedirection,i.e. by removing recursionand
generatingawhile loop.

5.4 Left-linear recursion: calculation of while/for
loops

We will be concernedwith efficiency andwant to eliminaterecursionin (5.8). Letq?r5r/s � Y > � f Y q?r¬r;s @y(z({}|I| � ¡ beany functionsatisfyingthefollowing axiom:l *F)+`�`£� > ²ºm > n�m l @Î@[� l ³ l *F)a` = � B > ²ºmOn/@ (5.9)
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i.e. > l *F)+`�`£��²�@ > n�m l @[� l ³ > l *F)+` = � B ²�@În
Let
l *F)+`�`£��Ï and

l *F)+` = � B Ï abbreviate
l *F)a`�`£�Ð² and

l *F)+` = � B ² , respectively. It is easy
to checkthat

l *F)+`�`£� extends
l *F)a` = � B in thefollowing way:l *F)a` = � B Ï n � l *F)+`�`£� Ï > n�m FALSE @

sincealgebraicstructure > 2 TRUE m FALSE :�ÑI³Ðm FALSE @
is a monoid.Moreover, for n��«b c , wehavel *F)+`�`£��Ï > b c m l @Ò� l ³ l *-)a` = � B ÏÊb c� l ³ FALSE� l (5.10)

aswell as,for n6¹�«b c ,l *F)+`�`£� Ï > n�m l @Ò� l ³ > ²´� hd n�³ l *F)+` = � B Ï > tl n/@�@� > l ³ > ²�� hd n/@�@º³ l *-)a` = � B Ï > tl n�@� l *F)+`�`£��Ï > tl n�m > l ³ > ²´� hd n�@O@�@ (5.11)

cf. (5.9).Putting(5.10)and(5.11)together, weobtainl *F)+`�`£� Ï > n�m l @J$&%('�± n���b cÓ· lnÆ¹��b cÓ· l *F)+`�`£� Ï > tl n�m l ³ > ²]� hd n/@O@ (5.12)

Furthermore,weknow thatTRUE is the“zero” of ³ :l ³ TRUE � TRUE ³ l � TRUE

So,via (5.9), l *F)+`�`£� Ï > n�m TRUE @U� TRUE

i.e. l · > l *F)+`�`£�9Ï > n�m l @� l @
We takeadvantageof this in thefollow upof (5.12):l *F)+`�`£�9Ï > n�m l @ $"%('�± nK��b c ³ l · ln_¹��b c Ä]Ô l · l *F)a`�`£� Ï > tl n�m > ²´� hd n/@�@ (5.13)

Finally, we put (5.10) togetherwith (5.13) to obtain the denotationalsemanticsof,
respectively, theinitializationandbodyof thefollowing while -loop,
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2 bool found = 0;
list p;2 p = y;

while ((p != Õ Ç ) && Ô found)2 found = (x == head(p));
p = tail(p): ;::

(5.14)

encodedherein a kind of ‘ad hoc’ imperative C-like syntax. (At this level onemay
preferfound to b for easierperceptionof themeaningof theloop.)

Programmingvariablessuchas found aresometimesregardedasprogramming
tricks producedby theintuition of ableprogrammers.Fromthereasoningabovewesee
that,ratherthantricky, they have a soundmathematical basis, which is a consequence
of theformalpropertiesof theoperatorsinvolvedin their specificationandcalculation
processes1. In a distributed/parallelenvironment,ruleswill go in the oppositeway:
themorerecursive thebetter(e.g. doublefactorialinsteadof linearfactorial).

This apparentlyacademicexercisecanbegeneralizedto a vastclassof algorithm
specifications(in asense,everyprogrammingloop“has” ahiddenmathematicalstruc-
tureof thiskind), asis shown next.

Generalization

In thegeneralcase,let ! � S¬Ö ���Ø×! $"%('� ���Ù�Jm�Ú ��Û D m !�� *�Ü (5.15)

beanarbitraryfunctionwherethefollowing abstractoperatorsoccur,� � S¬Ö ��� q?r5r/s* � S¬Ö ��� S�ÖD � S¬Ö ���Ø×Ú ��× Y ×Ý�9�Ø×� �¾V��9�Ø×
suchthat > ×ÑOÚ/m��?@ is a monoid,thatis,Ú �¯Û < mO��Ü[�ÞÚ ��Û �Jm < Ü� <Ú �¯Û Ú �¬Û < m»ß5ÜQm£à/Ü[��Ú �¬Û < m�Ú �¬Û ß�mIà/ÜOÜ
hold for arbitrary �&�&� t � áO� â �� × .

Comments:
1Seetheprogramtransformationliteraturefor otherrulesandschemataof this kind, usefulto eliminate

undesiredrecursion[1, 2].
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R Patternssuchas(5.15)arecalledprogram schemata. Schema(5.15),which is
calledthe linear monadic schema (LMS), is nothingbut the following abstract
hylomorphism,

S¬Ö� de
��ã ¢ävu � � zÎå � ½ �&æ çèV�X\× Y3S�Ö� ¢ºé6w �Lde

V�X Ö�YÀS�Ö� ¢ºêÐw �de
� ¢ºu£ë-w/tvuQì�í ¡

× V�X�× Y ×�&��� î � ¡ V�X Ö�Y ×� ¢ºu ë w/tvuQï ¡
for
D � D ^ � D � .R Checkthat

l *F)+` = � B Ï matchesthisschemafor

LMS
l *F)+` = � B ÏÖ �S�Ö � f× q?r5r/s� � � �* tlD � hdD ^ ��ÏÚ ³� FALSE

Wishingto generalizeourcalculationof
l *F)a` = � B to ! , we introducea function

S�Ö�Y × � {}|O| � �� ×
definedby ! )a`�`£� > HvH n�HvHvm�Áx@ð$&%('� ÁÐÚ !L> H}H n�H}HP@ (5.16)

which,because> ×Ñ�Ú/mO��@ is a monoid,will satisfy:!L> HvH n�HvH @Ò� ! )+`�`£� > HvH n�HvH}mO��@ (5.17)

Thefollowing reasoningis a consequenceof (5.16)andof themonoidalpropertiesof> ×ÑOÚ/m��?@ :! )a`�`£� > H}H n�H}Hvm�Áx@Ò� Á�Ú !L> H}H n�H}HP@� Á�Ú ± � > H}H n�H}HP@ · �Ô > � > HvH n�HvH @O@ · D > HvH n�HvH @?Ú !L> HvH *ñn�H}HP@
� ± � > HvH n�HvH @ · Á�Ú��Ô�� > HvH n�HvH @ · Á�Ú > D > H}H n�H}HP@?Ú !L> HvH *ºn�HvH @O@
� òó ô � > HvH n�HvHP@ · ÁÔ�� > HvH n�HvHP@ · > ÁÐÚ D > HvH n�HvH @O@�Ú !L> HvH *ñn�H}HP@õ öA÷ øù
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By instantiationof (5.16)weget�¿� ! )a`�`£� > HvH *ºn�HvH}mOÁUÚ D > HvH n�HvH @O@
In summary, wehave! )+`�`£� > HvH n�HvH}mOÁ�@Ò� ± � > H}H n�H}HP@ · ÁÔ�� > H}H n�H}HP@ · ! )+`�`£� > HvH *ñn�H}Hvm�Á�Ú D > H}H n�H}HP@�@
which,togetherwith the“loop initialization” givenby (5.17),matchesthesemanticsof
thefollowing “while -loopschema”,2 M r = u;

Y y’ = y;
while ( Ô p(..y’..))2 r = r Ú d(..y’..);

y’ = e(y’): ;:
Should× havea“zero”, thatis some#N06× suchthat#8Ú�úÃ�Þú�Ú8#��Þ#
holds,furtherspecializationof ! )a`�`£� becomesavailable:

! )a`�`£� > HvH n�HvHvm�Áx@Ò� òó ô � > HvH n�HvH @ · ÁÔ�� > HvH n�HvH @ · ± Á��µ# · #Á�¹�µ# · ! )a`�`£� > HvH *ºn�HvH}mOÁUÚ D > HvH n�HvH @O@
� ± � > HvH n�HvH @?³�Á�� # · ÁÔ�� > H}H n�H}HP@¤Ä�Á�¹� # · ! )+`�`£� > HvH *ñn�H}Hvm�Á�Ú D > HvH n�HvHP@�@

leadingto somethingwe canidentify asthesemanticsof the following “while -loop
schema”, 2 M r = u;

Y y’ = y;
while ( Ô p(..y’..) && r!= a)2 r = r Ú d(..y’..);

y’ = e(y’): ;:
of which thatof

l *F)+` = � B (5.14)is anobviousinstance.

5.4.1 Examples— Setand List Browsing

RecallZermelo-Frænklset-comprehensionformula,2 � ²�7�²Æ0 T Ä��8²º: (5.18)
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andlist comprehension, b � ²�7A²�Â
ûÆÄ��8² c (5.19)

given � � �� 	 , TÙü � , û�0]��ý and“filter” � � �� q?r¬r;s .
It canbeshown (e.g. by induction)thatR hylomorphism

þ ù� de
��ã ¢ � z � �E� ½ �ºÿ£æ çèV�X þ�� Y þ ù� ¢ ^ k w � de

V�X¨� Y þ ù� ¢ ù w �de
� ¢ºu ë w�t�u ë g ¡

þ�� V�X þ�� Y þ���&� � � � ¡ V�X�� Y þ��� ¢ºu£ë-w/tvu ë k ¡
where D ^ �¨��� B <(= � B �A� mI�
for B <»= � B ² $"%('��2"²¤: — thatis, recursive function

! n $&%('�
ò����ó
����
ô
nK�¿� · �n6¹�¿� · )a*", *�0]n#�� ± �C* · 2 � *�:Ô > �C*�@ · �<(= #�� !L> n��\2"*�:-@

whenappliedto T , yieldsthesamesetasZF-formulaabove;R hylomorphism

� f� de
��ã ¢ä hd� tl å � ½ �����}æ çèV�X�	 f Y � f� ¢ � h w � de

V�X�� Y � f� ¢ ù w �de
� ¢ºu£ëFw�t�u g h ¡

	 f V�X�	 f Y 	 f�-� � � ¢ ¢ � ¡ V�X¨� Y 	 f� ¢ºu ë w�t�u k h ¡
where D ^ �¨��� B <(= ) �A� m"b c
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for B <(= )-² $&%('�Øb ² c — thatis, recursivefunction

! n $&%('� ò����ó ����ô
nK��b cÓ· b cn6¹��b cÓ· )+*-, ²�� hd n#K� ± �C² · b � ² cÔ > �8²�@ · b c<(= #�XvX !L> tl n/@

whenappliedto û , yieldsthesamelist asformula(5.19)above.

Moreover, bothrecursive functionsabove areinstancesof linear-monadicscheme
(5.15).So.. . they “are” loops!

Simpleinstantiationof (5.15)will show thatsecond! above, for instance,is real-
izedby thefollowing abstract“while -loop”,

{ B* r = [];
A* y’ = y;
A x;
while (y’ != [])

{ x = head(y’);
y’= tail(y’);
if p(x) r = conc(r,g(x));

}
}

or, beingmore “C-oriented” in parameterizingthe function in termsof stdin and
stdout andassumingsuitable‘i/o’ library functionsgetA andputB , by

{
A x;
while ((x = getA(stdin)) != EOF)

{ if p(x) putB(g(x)); }
}

Of course,a similarwhile -loopschemacanbedevelopedfor (5.18).
Note how “fine-grained” theseschematalook like when comparedto relational

modelinformationbrowsing,andhow they render“one-at-a-time”data browsing ex-
plicit.

A lot of programmingpracticecanbecapturedby schemaresultssuchasabove.
Experiencein this kind of calculationdevelopsthe ability to spotwhile loops andto
write themstraightaway— onejusthastosearchfor theclosestlinearmonadicschema
around.. .

Recursive schemata which arenot linearmonadicmayactuallybeconverted into
thatform by programcalculation.Lawssuchastheonepresentednext canbeusedfor
thispurpose.
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5.5 The mutual-recursionlaw

Let usconsiderthefollowing pairof mutuallydependentfunctionsover
	 
��

(written in
theCAMILA notation):

f(n) = if n == 0 then 0 else g(n .- 1);
g(n) = if n == 0 then 1 else f(n .- 1) .+ g(n .- 1);

Canany of thesefuntions— say � — be convertedinto a while loop? In pointfree
notationwehave !o� b� m B � ° c � b� m � c��� b� m B � ° c � b�V mQX �¯Û(! m � Ü c
Themutualdependencecanbemademoreexplicit by forcing!o� b� m B � ° c � b� m�� ^ �¯Û(! m � Ü c��� b� m B � ° c � b�V mQX �¯Û(! m � Ü c
Theunderlyinginductive typeis

	 
 � ���� V�X 	 
 �õ öQ÷ ø��� ���t ~ �L� � � � ��© ��� (5.20)

which is suchthat S ! � <(D X ! . Sowecanwrite!o� <(= � b� m�� ^ c � S Û»! m � Ü��� <(= � b¬V m£X c � S Û»! m � Ü
Thissituationis handledby theso-calledmutual-recursion law, alsocalled“Fokkinga
law”:

!N� <(= � � � S Û»! m � ÜÄ��� <(= � à � S Û(! m � Ü · Û(! m � Ü[� > b Û � mIà/Ü c @ (5.21)

In termsof diagrams:from

�� de
S � � ä � � � åde

t ~ ¡
� S > � Y 	�@� ¡

��¤de
S � � ä � � � åde

t ~ ¡
	 S > � Y 	�@â ¡

weget

�ä � � � å de
S � � ä � � � åde

t ~ ¡
� Y 	 S > � Y 	�@ä � � â å ¡
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Proof: Û(! m � Ü � <(= � Û � mIà;Ü � S Û»! m � Ü� 2 by Y -fusion(1.24):Û(! m � Ü � <(= � Û � � S Û(! m � ÜQmIà � S Û»! m � ÜÎÜ� 2 by hypothesis:Û(! m � Ü � <(= � Û»!o� <(= m ��� <(= Ü� 2 by (reverse) Y -fusion(1.24):Û(! m � Ü � <(= � Û»! m � Ü � <»=� 2 equalityis reflexive:
TRUE

Wecanapplythis law to thesituationaboveby letting � �Wb� m�� ^ c and à���b¬V m£X c
thereforeobtaining Û»! m � Ü � 2 Fokkingalaw :> b Û b� m�� ^ c m-b�V m£X c Ü c @� 2 exchangelaw :> bvb Û  m"V ÜAm Û � ^ m£X�Ü cvc @
which is CAMILA function

fg(n) = if n == 0 then <0,1>
else let (p=fg(n.-1)

in <p2(p),p1(p).+p2(p)>;

i.e.

fg(n) = do(a<-0,
b<-1,
while(˜(n==0),

c<-a, a<-b,
b<-c .+ b,
n<-n.-1),

<a,b>);

Since � ��� ^ �¯Ûa! m � Ü
onehas
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g(n) = do(a<-0,
b<-1,
while(˜(n==0),

c<-a,
a<-b,
b<-c .+ b,
n<-n.-1),

b);

which is nothingbut aniterativeversionof Fibonacci.

Another Example

Checkinga list-invariantwhichensuresthata (non-empty)list is ordered:`FÁ D *"Á�* D � � ¢ �� þ`FÁ D *"Á�* D b # c � TRUE`FÁ D *"Á�* D >a° ` = B > #�mO)»@�@Ð�Þ#NÇ > ×�#¬²C)»@?Ä > `FÁ D *-Á�* D )»@
Assumingsingl #���b # c wecandepict `FÁ D *-Á�* D asfollows:

� ¢|�� u z �Iz u de
��X�� Y � ¢tvu£¢¤t�uxw�ä�é � Ï � |�� u z �Iz u åde

� singl� © |O~ ��� ¡
þ �\X�� Y > � Y þ @� TRUE � È8� ¡

where É > #9m > ú3m l @O@J$&%('� #NÇ ú Ä l
andwhere ×�#¬²�� > b�b <ED m�ú]#¬² cvc @
cf.

� ¢é � Ï de
��X�� Y � ¢tvu£¢¤t�uxw/é � Ïde

� singl� © |O~ ��� ¡
� �\X¨� Y �� t�u � ! � Ï � ¡

It is easyto checkthat the equationimplicit in this diagramis the sameas the one
implicit in

� ¢é � Ï de
�\X�� Y � ¢tvu£¢¤t�uxw�ä�é � Ï � � åde

� singl� © |O~ ��� ¡
� ��X\� Y > � Y 	�@� tvu � ! � Ï ½ � tvuxw�" � ��� ¡
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for any � ¢ � �� 	 . For 	 � þ and � �
`FÁ D *-Á�* D we are in position to apply
Fokkinga’s law andto obtain:Û ×�#¬²ºmI`FÁ D *-Á�* D Ü � > b Û b <ED m�ú]#¬² �¯> <ED Y �?�A@ c m-b TRUE m É�c Ü c @� 2 exchange law (1.47):> b}b Û <ED m TRUE ÜQm Û ú]#�² �¬> <ED Y ���"@Qm É Ü cvc @
Of course,̀FÁ D *-Á�* D �#� ^ ��Û ×�#¬²ºmI`FÁ D *-Á�* D Ü . Calling #¬�9² to the above synthesized
catamorphism,weendupwith thefollowing realizationof `FÁ D *-Á�* D :`FÁ D *-Á�* D ).� )+*-, > #�m l @[�Þ#¬�9²1)<(= l
where #¬�9²6� � ¢ �� � Y þ`FÁ D *-Á�* D b # c � > #�m TRUE @`FÁ D *-Á�* D >+° ` = B > #�mO)a@O@�� )+*-, > ú3m l @[�Þ#¬�9²1)<(= > ú]#¬² > #9mOú]@Am > #NÇ ú Ä l @�@
5.6 “Banana-split”: acorollary of themutual-recursion

law

Let � � < � S � � and à¶�\ß � S � ^ in (5.21).Then!o� <(= � > < � S � � @ � S Û»! m � Ü� 2 compositionis associativeand S is a functor:!o� <(= � < � S > ��� �¬Ûa! m � Ü�@� 2 by Y -cancellation(1.20):!o� <(= � < � S !� 2 by cata-cancellation:! � > b < c @
Similarly, from à���ß � S � ^ weget � � > b ß c @
Then,from (5.21),wegetÛ�> b < c @Am > b ß c @IÜ[� > b Û < � S ���xm»ß � S � ^ Ü c @
thatis ÛO> b < c @Qm > b ß c @IÜ[� > b > < Y ß5@ �¬Û S �?��m S � ^ Ü c @ (5.22)
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by (reverse) Y -absorption(1.25).
This law providesuswith a very usefultool for “parallel loop” inter-combination:

“loops” > b < c @ and > b ß c @ arefusedtogetherinto asingle“loop” > b > < Y ß5@ �IÛ S �?��m S � ^ Ü c @ . The
needfor this kind of calculationarisesvery often. Consider, for instance,thefunction
whichcomputestheaverageof anon-emptylist of naturalnumbers:#%$5*"Á�# � * $&%('� >'& @ �¯Û B ��ú�mI)+* = � , � Ü
Both B ��ú and )a* = � , � are

	 
 ¢
catamorphisms:

B �9ú]#�� > b�b <(D m£X cvc @)+* = � , � � > bvb�V m B � °A°Ð� � ^ cvc @
Function #%$5*-ÁF# � * will do two independenttraversalsof the argumentlist beforedi-
vision >'& @ takesplace. Banana-splitfusessuchtwo traversalsinto a singleone,thus
leadingto a function which: (a) runstwice asfast(b) canbe convertedinto a while
loop by introductionof accummulationparameters(suchasseenabove).

5.7 Exercises

Exercise5.1 Isomorphism ( )+*
,.-�/

in exercise4.6 suggestsa strange(but valid) representationfor naturalnumbers:number0 is represented
by list 1 2436587:9�9:9:7 243;5õ öA÷ ø

0 vezes

<
. Supposethatyouwantto implement,oversuchamodel,naturalnumberaddition

and(partial)subtraction.

1. Identify which list-operationssimulatesuchoperationsby drawing the correspondingrefinement
diagram.

2. Describethebehaviour of yoursimulationfor subtraction0>=+? wherever ?�@A0 .

B


