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The Polymorphic Function foldl

foldl :: (¢ — f — a) > a— [f] = «
foldl k z [| = z
foldl k z (x : xs) = foldl k (k z x) xs

Example

sum = foldl (+) 0

sum [1,2,3] = foldl (+) 0 [1,2,3]

= foldl (+) (0 + 1) [2,3]
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The Fusion Property

Consider a simple program transformation:

(+1) o sum
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The Fusion Property

Consider a simple program transformation:

(+1) o sum = (+1) o (foldl (+) 0) = foldl (+) 1

More generally:
f o (foldl k z) = foldl k' 2/

For an inductive proof the conditions

fz=z
Vx,y. f(kxy)=k (fx)y

are sufficient.
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Free Theorems [Wadler, 1989]

With free theorems we can prove the fusion property automatically
only using foldl's type

thtp ://www-ps.iai.uni-bonn.de/ft/
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Free Theorems [Wadler, 1989]

With free theorems we can prove the fusion property automatically
only using foldl's type

foldl :: (¢ —  — a) > a — [[] — «.

Output of a generator? for foldl's type as input:

forall t1,t2 in TYPES, f :: t1 -> t2.
forall t3,t4 in TYPES, g :: t3 -> t4.
forall k :: t1 -> t3 -> t1.
forall k’ :: t2 -> t4 -> t2.
(forall x :: t1. forall y :: t3.
f kxy =k (fx (gy)
==> (forall z :: ti.
forall xs :: [t3].
f (foldl k¥ z xs)

= foldl k’ (f z) (map g xs))

2
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Free Theorems [Wadler, 1989]

With free theorems we can prove the fusion property automatically

only using foldl's type
foldl :: (¢ — f — a) > a— [f] — «.

Output of a generator? for foldl's type as input:

forall t1,t2 in TYPES, £ :: t1 -> t2.

forall k :: t1 -> t3 -> t1 .
forall k’ :: t2 -> t3 -> t2
(forall x :: t1. forall y :: t3.

==> (forall z :: ti.
forall xs :: [t3].
£ (foldl k [l xs)

= fo1d1 k* [ xs))

2http ://www-ps.iai.uni-bonn.de/ft/
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Speed Up with Selective Strictness
Example (sum reconsidered)
sum [1,2,3] = foldl (+) 0 [1,2, 3]
— foldl (+) (0+ 1) [2,3]
= foldl (+) ((0+1) +2) [3]
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= foldl (+)[(OREI[2. 3]
= fold! (+) {(OFFIERE)] (3]

Lazy evaluation results in a huge overhead.
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Speed Up with Selective Strictness

Example (sum reconsidered)

sum [1,2,3] = foldl (+) 0 [1,2,3]

= foldl (+)[(OREI[2. 3]
= fold! (+) {(OFFIERE)] (3]

Lazy evaluation results in a huge overhead.

= Strict evaluation is desirable.

Haskell provides strict evaluation by the function seq::a — § — :

1 otherwise

if €
seqab:{b itaz
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foldl" — A Strict Version of foldl

foldl :: (a¢ — 3 — a) — a — [B] — «
foldl" k z [] = z
foldl" k z (x : xs) = let 2/ = k z x in seq Z' (foldl' k 2’ xs)

Example (strict sum’)

sum' [1,2,3] = foldl' (+) 0 [1,2, 3]
=letz =0+ linseq Z (fold' (+) 2’ [2,3])
— fold!' (+)1[2,3]
=letzZ =1+ 2inseq Z (foldl' (+) 2’ [3])
= foldl’ (+) 3 [3]

sum’ evaluates the addition whenever possible.
= Saving space (and time)
= Strict evaluation pays off here.

6
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Drawbacks of Selective Strictness
Question:
f (foldl" k z xs) [ foldl' k' (f z) xs
iffkxy)=kK(fx)y
Consider an example instantiation:
f=Ax—-oxV_L
k=kK =Xy —yVx
xs = [ False, True]

z = False

Answer: Nol!

f (foldl' k False | False, True]) = True

”
foldl" k' (f False) | False, True] = L



Analyzing the Problem
The strictness-aware free theorem:

forall t1,t2 in TYPES, f :: t1 -> t2, £ strict and total .

forall t3,t4 in TYPES, g :: t3 -> t4, g strict and total

forall k :: t1 -> t3 > tl1.
forall k’> :: t2 -> t4 -> t2.
(Ck /= _12) <=> &k’ /= _I1))
&& (forall x :: ti.
(&kx/=_12) <= (&’ (£ x) /= _1))
&& (forall y :: t3. f (k xy) =k’ (f x) (g y))))
==> (forall z :: ti.
forall xs :: [t3].
f (foldl’ k z xs) = foldl’ k’ (f z) (map g xs))
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forall t1,t2 in TYPES, f :: t1 -> t2, £ strict and total .

forall t3,t4 in TYPES, g :: t3 -> t4, g strict and total

forall k :: t1 -> t3 > tl1.
forall k’> :: t2 -> t4 -> t2.
(Ck /= _12) <=> &k’ /= _I1))
&& (forall x :: ti.
(&kx/=_12) <= (&’ (£ x) /= _1))
&& (forall y :: t3. f (k xy) =k’ (f x) (g y))))
==> (forall z :: ti.
forall xs :: [t3].
f (foldl’ k z xs) = foldl’ k’ (f z) (map g xs))

Question: Are all these restrictions necessary?
An inductive proof for

f (foldl' k z xs) = foldl' k' (f z) xs

shows that f x = L < x = L suffices (i.e. f is strict and total ).
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Why so Many Restrictions?

Free theorems depend only on the type.
foldl :: (¢ — f — a) - a— [f] = «
foldl" :: (¢ — 8 — a) - a — [f] — «
foldl" :: (¢ — 3 — a) = a — [f] — «

foldl" k z [| = seq k z
foldl" k z (x : xs) = foldl" (k z x) xs

Problem: The free theorem is only aware of

the potential risks of seq, but not of its concrete use.

Solution: Make the use of seq visible from the type.
In particular where it is used.
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The Resulting (Re) Typing Algorithm

A deterministic typing algorithm.

How does it work?
input = output

(M1 = (C,7)

(- 2 a)= (True, ) (a <+) = (True, )

(o =2 a=<-) = (True A True A (13 < 12), a0 =3 Q)

v3

(" ) xa—="ak x)= (13 <1n),a =" a)

How to get back to concrete types, without mark variables?
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Back to Concrete Typability (Example)

(FA.AB A —° B A alet! X' =xin f x') =

Vea. Vo5, (a —° B) —=° a —° ()

We have:
(True,
with o < ¢,

We test all possible instantiations for the variable marks.

We take only the minimal solution!
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Make it a Type Refinement Algorithm

‘input: closed term with standard type annotations‘

|l add variable marks

‘term with parameterized refined type annotations‘

| the main algorithm

‘constraint and parameterized type‘

| solve constraint

‘all possible refined types‘

| type comparison

output: the refined types leading to the strongest free theorems
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The Webinterface

The term

(\ci:(a -> (b -> a)).
(Fix (\h::(a -> ([b] -> a)).
(\n::a.

(\ys::[b].
(seq (c n) (case ys of {[] -> n; xixs ->
(seq xs (seq x (let n' = ((c n) x) in
(Ch n") x5))))¥})))))))))

can be typed to the optimal type

(forall™n a. (forall™e b. ((a ->"n (b ->"e a)) ->"e (a ->"e ([b] ->"e a)))))

with the free theorem

forall t1,t2 in TYPES, f tl -> t2, f strict.
forall t3,t4 in TYPES, g t3 -> t4, g strict and total.
((t_{tl} {t3} /= | ) <=> (t_ (tZ) {t4y /= _I_))
& (forall p :: tl -> (13 ->
forall q t2 -> (t4 -> tZ)
(forall x ::
pr/—7| <>1q (f x) /= _1_))
& (forally :: t3. f (p xy) =q (f x) (g y)))
==> (((t_{t1}_{t3} p /= _|_) <=> (t_{t2} {t4} q /= _|_))
&& (forall z :: tl.

& (forall v :: [t3]

((t_{t1}_{t3} p z /= _|_) <=> (t_{t2}_{t4} q (f 2)

Tt {t1} {3} pzv) = t_{t2}_{t4} q (f z) (map_{t3}_{t4} g v)))))

The normal free theorem for the type without marks would be:

http://www-ps.iai.uni-bonn.de/cgi-bin/polyseq.cgi
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