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The paper discusses the role of interpretations, undetsiemultifunctions that preserve and reflect
logical consequence, as refinement witnesses in the gesedtimlg of rr-institutions. This leads to
a smooth generalization of the “refinement by interpretétapproach, recently introduced by the
authors in more specific contexts. As a second, yet relatettibotion a basis is provided to build
up a refinement calculus of structured specifications in @analsa arbitraryt-institutions.

1 Introduction

The expressionefinement by interpretatiowas coined in[MMBOQ9D] to refer to an alternative approach
to refinement of equational specifications in which sigreatmorphisms are replaced kpgical inter-
pretationsas refinement witnesses.

Intuitively, an interpretation is a logic translation whipreserves and reflects meaning. Actually, it
is a central tool in the study of equivalent algebraic semar{seee.g, [W06;88,[BP89] BPO1, BR03,
Cze01)), a paradigmatic example being the interpretatfahexclassical propositional calculumto the
equational theory of boolean algebrésf. [BPO1, Example 4.1.2]). Interestingly enough, andha t
more operational setting of formal software developmdrg, riotion of interpretation proved effective
to capture a number of transformations difficult to deal viitltlassical terms. Examples include data
encapsulation and the decomposition of operations intmiatoransactions [MMBOSb].

A typical refinement pattern that is not easily captured leydlassical approach concerns refinement
of a subset of operations into operations defined over m@aazed sorts. This kind of transformation
induces the loss of the functional property on the operatioomponent of signature morphisms. For
example, there is not a signature morphigro guide a refinement where a specification with operations
g:9 —sandf:s — sis transformed into one with operatiogs: S — sew and f : s — s, since
this translation naturally induces a mago(S) = {S, Sew} Which violates the definition of signature
morphism.

The approach seems also promising in the context of new,gémgecomputing paradigms which
entail the need for more flexible approaches to what is takem\alid transformation of specifications,
as in, for example,[ [BSR04]. Later, in [MMBO09a], the wholarfiework was generalized from the
original equational setting to address deductive systdrasbitrary dimension. This made possible, for
example, to refine sentential into equational specificatenmd the latter into modal ones. Moreover, the
restriction to logics with finite consequence relations degpped which resulted in increased flexibility
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along the software development process. The intereste@réareferred to both papers for a number of
illustrative examples.

On the other hand, the notion of an institution [GB92], pregub by J. Goguen and R. Burstall in the
late 1970s, has proven very successful in formalizing lEigggstems and their interrelations.

This paper aims at lifting the use of logic interpretatioosmitness refinement of specifications at
an institutional level. This is made in the context miinstitutions [ES88] which deal directly with
syntactic consequence relations rather than with sensdstitisfaction, as in the original definition of an
institution [GB92]. rrinstitutions are particularly useful in formalizing dedive systems with varying
signatures, which are only indirectly handled by the meshaithbstract algebraic logic, as in [BP01] on
which our first generalization [MMBO09a] is based. In gengerainstitutions provide a more operational
framework with no loss of expressiveness as any classistttition can be suitably translated.

Refinement by interpretation is proposed here at two diftdeels: anacrolevel relating different
T-institutions, and thenicro level of specifications inside a particular, although aabyt, r-institution.
The former discusses what is an interpretation of instingiand provides the envisaged generalization of
this approach to refinement of arbitrary deductive systérhs.latter, on the other hand, corresponds to a
sort oflocal refinement witnessed by interpretations thought simply alsiftnnctions relating sentences
generated by different signatures within the same ingiitut

As a second, although related, contribution, the paperttaybasis for a refinement-by-interpretation
calculus of structured specifications in an arbitrary (acrss)r-institution(s). That both levels can be
addressed and related to each other comes to no surprisén auteme of institution theory is precisely
to provide what[[AN94] describes asffective mechanisms to manipulate theories in an analogmy
as our deductive calculi manipulate formulas

The remainder of this paper is organized as followsinstitutions and a notion of interpretation
between them are reviewed in sectidn 2. Then, setlion 3 ciiesizes refinement by interpretation in
this context, whereas the local view is discussed in se@lionhe structure of a refinement calculus is
discussed in sectidd 5. Sectioh 6 concludes and highligimte pointers to related work.

2 T1r-institutions and interpretations

In broad terms, an institution consists of an arbitrary gaitg Sign of signatures together with two
functorsSEN and MOD that give, respectively, for each signature, a set of septeand a category
of models. For each signature, sentences and models atedrgla a satisfaction relation whose main
axiom formalizes the popular aphoridnath is invariant under change of notatigpia08]. Such a very
generic way to capture a logical system was originally nadéd by quite pragmatic concerns: to provide
an abstract, language-independent framework for spdgifigi and reasoning about software systems,
in response to the explosion of specification logics. Sévenaent specification formalisms, notably,
CAFEOBJ [DF02], GasL [MHSTO3] and H=Ts [MMLQO7] were designed to take advantage of such a
general framework.

T-institutions, proposed by J. Fiadeiro and A. Sernadas 888, fulfill a similar role, replacing
semantical satisfaction by a syntactic consequencearlatia Tarski. Therefore, ar-institution intro-
duces, for each signature, a closure operator on the sests@htences capturing logical consequence. As
remarked by G. Voutsadakis in [VouOB&iinstitutionsmay be viewed as the natural generalization of the
notion of a deductive system on which a categorical theogdbraizability, generalizing the theory
of [BPO1] may be basedn the sequel we review the basic definition and adopt Valatsia’s notion of
interpretation to define refinement by interpretation irhsageneral setting.
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Definition 1 A rrinstitution | is a tuple(Sign SEN, (Cs)s¢|sig) Where
e Sign is a category of signatures and signature morphisms;

e SEN: Sign— Set is a functor from the category of sighatures to the cayegbsmall sets giving,
for eachX € |Sigr], the seSEN(X) of -sentences and mapping each3f; — X, to asubstitution
SEN(f) :SEN(Z1) — SEN(Z2);

e for eachX € [Sign, Cs : Z(SEN(X)) — Z(SEN(Y)) is a mapping, calle&-closure such that,
forall A,B C SEN(Z) andX;,2, € Sign;
(2) ACCs(A)
(b) Cs(Cs(A)) =Cs(A)
(c) Cs(A) CCs(B)forACB
(d) SEN(f)(Cs,(A)) C Cs,(SEN()(A))

Note that thez-closure operator of a&-institution is not required to be finitary.

Definition 2 A rrinstitution I' = (Sigr, SEN', (Cg )¢ sigr|) iS asub<rinstitution of | = (Sign SEN,
(Cs)seisign) if Signt is a sub-category of Sign and, for eazhe [Sigri|, SEN'(Z) € SEN(Z) and the
Z-closure G is the restriction of G.

Roughly speaking, the notion of logical interpretation erging [MMBQ92] is that of [BP89]: a
multifunction (i.e., a set-valued function) relating farfas which preserves and reflects logical conse-
guence. Note that the expressive flexibility of interpieta comes precisely from their definition as
multifunctions. A corresponding definition, to be used ie 8equel, was proposed, in the context of
T-institutions, in [VouO3]:

Definition 3 Given tworr-institutions I= (SignSEN, (Cs)s¢(sign) and I = (Sigri, SEN', (C5 ) s¢sigr|)»
atranslation(F,a) : 1 — I’ consists of a functoF : Sign— Sigri together with a natural transformation

a:SEN — & SEN'F.
A translation(F,a) : | — |" is asemi-interpretatiorif, for all Z € |Sigr{, ®U{¢} C SEN(Z),

PeCs(®) = as(9) CCrp (asz(P)) 1)

It is aninterpretationif,
PeCs(P) <« as(@) CCry)(as(P)) (2)

Finally, we say that a translatiorfF,a) interprets arrinstitution |, if there is ar-institution 1° =
(Sigr?, SEN®, (C2)s¢/sigre|) for which (F, a) is an interpretation.

Note that a translation depends only on the categories afRiges and the sentence functors in-
volved, but not on the family of closure operators. A tratistais aself-translationif F is the identity
functorld. On the other hand, itis said to béuemctional translatiorif, for everyZ € |Sign, ¢ € SEN(ZX),
|as(@)| = 1. Additionally, it is anidentity translation if for every % € |Sigr, ¢ € SEN(Y),

as(@) ={e} (3)
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3 Refining r-institutions by interpretation

In software development the processstépwise refinemefi§T88h] encompasses a chain of successive
transformations of a specification

S~ S~ S e S &

through which a complex design is produced by incrementadlging details and reducing under-spe-
cification. This is done step-by-step until the class of ni®téecomes restricted to such an extent that
a program can be easily manufactured. The discussion on edheits for a valid refinement step,
represented b ~ §j, is precisely the starting point of this line of research.

The minimal requirement to be placed on a refinement relabesides being a pre-order to allow
stepwise construction, is preservation of logical coneaga. In the framework oft-institutions this
corresponds to the following definition:

Definition 4 (Syntactic refinement) Let | = (Sign SEN, (Cs)s¢ sigry) and I' = (Sigri, SEN', (Cg ) s¢ sigri|)
be tworrinstitutions. [ is a syntactic refinement of | if Sign is a sub-category of ‘Sagml, for each
% € |Sigr, SEN(Z) C SEN/(Z) and G(®) C C{(P) for & C SEN/(Z).
Clearly, arrinstitution is a syntactic refinement of any of issub-institutions. Refinement by interpre-
tation, on the other hand, goes a step further:
Definition 5 (Refinement by interpretation) Consider tworr-institutions |= (Sign SEN, (Cs)s¢(sigr)
and I' = (Sigr,SEN’, (Cg)s¢ sign|) @and let(F,a) : 1 — I’ be a translation. is arefinement by inter-
pretationof | via (F,a), written as I~ 4 I', if

o there is arrinstitution 1° = (Sigr, SEN', (C9)scsigr) that interprets | under translatiodF, o);

e forall Z € |Sign, ® C SEN(Z),

peCs(®) = as(p) C C::(z)(az(q)))

Clearly, a syntactic refinement is a refinement by intergimatafor a self, identity, functional inter-
pretation, withF = Id. The following Lemma establishes an useful characteanatif refinement via
interpretation:

Lemma 1 Let|= (SignSEN, (Cs)s¢(sig) and I' = (Sigrl, SEN', (Cs ) s¢|sigr|) be tworr-institutions and
(F,a) :1 — 1" a translation. Then, M Fay I”if I’ is a syntactic refinement of some interpretation of |
through (F, o).

Proof. Suppose’ is a syntactic refinement of an arbitrary interpretati®of | along(F,a). Clearly the
first condition in the definition of refinement by interpretatis met. For the second, I&t< Signand
dU{¢p} C SENZ). Assumep € Cs(®). Then

as(¢p) C CE(D(O!z(‘D))
becaus€F,a) is an interpretation. On the other hamtbeing a syntactic refinement bf,
CPz)(as(®)) C Cr sy (as(P))

ThUS,C!z(QU) - C{:(z)(az(q)))'
Od

Definition[8 subsumes the corresponding notion introdundMB09a] for k-dimensional deduc-
tive systems, because evdegimensional deductive systet¥’, ) over a countable set of variables
V, gives rise to a specifig-institution | » = (Signy, Seny, (C.4 )s¢|sign,|), built in [Vou02] as follows:
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() Signy is the one-object category with obje¢t The identity morphism is the inclusiag : V —
Fmg(V), whereFmg (V) denotes the set of formulas constructed by recursion usanighles
in V and connectives itZ in the usual way. Compositiog- f is defined byg- f = g*f, where
g :Fmg (V) — Fmg (V) denotes the substitution uniquely extendgigp Fmy (V).

(i) SEN : Signy — Setmaps V toFm¥, (V) andf :V =V to Fmg (V) (f)%: Fm¥, (V) — Fmk, (V).
It is easy to see th&EN » is indeed a functor.

(i) Finally, C« is the standard closure operatey : Z(Fmg(V)) — Z(Fmg(V)) associated with
(Z.Fg),ie.,Cv(P)={peFm,(V): ®Fy @} forall ® C Fmk, (V).

Example 1 The rrinstitution of modal logic 5° forms a (syntactic) refinement of the one for classical
propositional calculus (CPC). Actually, consider the mioslgnaturex = {—,A,Vv,—, T, L, O}. Modal
logic K is defined as an extension of CPC by adding the axigpr+— q) — (Op — 0q) and the inference
rule D—pp Logic $°, on the other hand, enriches the signature of K with the syrmhand K itself with
the axiomsOp — p, Op — OOp andOp — OO, cf. [BPO1]. Hence, since the signature of both
systems contains the signature of CPC and their presenmtixtend that of CPC with extra axioms
and inference rules, we have CRE K and CPC~» S5° (actually, CPC~ K ~» S5%). Hence, through
these refinements, one may capture more complex, modatlseep requirements introduced along the
refinement process.

Given an interpretatiorr : Fmg (V) — 2 (Fmg (V') between two deductive system&’, - «)
and (' ;- ¢, let us definglF¢, T) as the translation betweerinstitutionsl > andl ¢/, whereF; is a
functor between single object categories, mapping, atljecolevel V toV’. As expected,

Lemma 2 Anl-deductive systef?”’ - &) is an interpretation of a k-deductive systésf, - ) through
an interpretationt, iff (F;, 7) interprets therr-institution ¢ in | ¢

Proof. Assume(.Z,-¢) (respectively,(.Z’ .+ »)) are defined over a countable set of variatlege-
spectivelyV’). Being an interpretation between deductive systansa multifunctiont : Fmg (V) —
P(Fmg (V') such that, for all U {¢@} C Fmg(V),

Mrze < 1Nty 1(0) (4)

According to the construction df,, detailed above, this is equivalent to
peC(lN) & 1(9) CCu(T(I)) (5)
O

Hence, it is immediate to check that

Corollary 1 An I-deductive systefi” o) is a refinement of a k-deductive syste#, o) through
an interpretationr, iff the r-institution |y is a refinement of4 through (F;, 7).

As a final remark, note that, in a very precise sense, Defirfli@lso covers the case of classical
institutions. Actually, arrinstitution corresponding to a classical one can alwayddiged: for each
signatureX and set of formulas’, takeCs (W) as the set of sentences satisfied in all models validating
W,
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4 The local view

Having discussed refinement by interpretatiormahstitutions, we address now the same sort of refine-
ment applied to specifications inside an arbitrarnstitution. Such is théocal view. Given an arbitrary
r-institution | = (Sign SEN, (Cs)s¢sigr)» @ basic, oflat specification is defined as

SP = (z,0)

whereX € |Sigf and® C SEN(Z). Its meaning is the closure @, i.e.,Cs(®). D. Sannella and A.
Tarlecki in [ST88a] define specification over an arbitrargtitation along similar lines, but taking, as
semantic domain, classes of models instead of logical cesee relations.

As expected, any morphism: = — %’ in Signentails a notion ofocal refinement-:4 in | given

by

(Z,®) ~g (2,0 if (D) CCo (D) (6)

For g an inclusion, this may be regarded as a form of syntacticeafant.
Specifications may also be connected by interpretationshylaigain, correspond to multifunctions
preserving and reflecting consequence. Formally,

Definition 6 Let(Z, ®) and(Z’, ®') be two specifications overrinstitution | = (Sign SEN, (Cs)s¢(sigr)
and i: SEN(X) — Z2(SEN(Y')) a multifunction fromSEN(Z) to SEN(Z') . Then i is a(local) semi-
interpretationof (X, ®) in (', ®') if, for all @ € SEN(Z),

@ €Cs(P) = i(g) CCx(P) (7)
It is a (local) interpretatiorof (X, @) in (X', @) if,
@ Cs(P) = i(9) CCx(P) (8)

Finally, we say that (locally) interprets(z, ®), if there is a specificatiof=®, ®°) on which(Z, ®) is
interpreted by i.

Adopting expressiong is true inspecification(Z, ®)” to abbreviate the fact thag € Cs(®P), defini-
tion (8) can be read agis true in(Z, ®) iff i (@) is true in (X', P’).

Definition 7 Let SP= (Z,®) be a specification and:iSEN(Z) — Z(SEN(Y')) a translation which
interprets SP. A specification SR (X', @) refines SP via local interpretation i, written as SR, SP, if
for all ¢ € SEN(Z),

@€ Cs(P) = i(g) CCx(P) )

Given ao : £ — ¥’ € Sign SEN(0) : SEN(Z) — SEN(Y') induces a translation that maps each
@ € SEN(Z) into {SEN(0)(®)}. In the sequel we identify this translation simply wRBN(0o).

Definition 8 A signature morphisno : = — ¥’ € Sign isconservativef for any @ C SEN(Z), SEN(0o)
interprets(Z, ®) in SP” = (¥',SEN(0)(®)).

Observe thaSEN(0) is always a semi-interpretation froBPto SF°. Moreover, note that conservative-
ness is a stronger notion than that of interpretability.
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Theorem 1 Leto : £ — %' € Sign be a conservative signature morphism,=SE, ®) a specification
over | and®’ € SEN(Y'). Then,

SEN(O')(CD) - Cz/(q)/) |mp||eS that SP\’*SEN(O’) (Z’,(D’} (10)

In practice, new specifications are built from old througlplegation of a number of specification
constructors. As a minimum set we consider operators totypinspecifications, to translate one into
another, and to derive one from another going backward atosignature morphism. The following
definition characterizes along these lines a notion of &trad specification in an arbitraryinstitution.

Definition 9 Structured specifications over an arbitraryinstitution | = (Sign SEN, (Cs)s¢(sigq) are
defined inductively as follows, taking flat specificationshesbase case.

e For a signatureX, the union of specifications $P (%, ®;) and SR = (3, ®,) is defined as
union(SR,SB) = (X, ®1U®d,)
e The translation of specification SP(Z, ®) through a morphisno : £ — %’ in Sign is defined as

translate SPthrough 0 = (Z',SEN(0)(®))

e The derivation of & specification from SP= (¥, @’) through a morphisnw : = — %' in Sign is
defined as
derive SP through o = (Z,W)

whereW = {¢| SEN(0)(y) € Cs/ (') }.

Of course, it is desirable that refinement be preserved hydral composition of specifications. In
particular, refinement by interpretation should be presgtwy all specification constructors in Definition
[@. The result is non trivial. Farnion we have,

Lemma 3 Leti: SEN(Z) — Z?(SEN(Y')) be a local interpretation, and $P- (X, ®1), SB = (Z, P,)
specifications such that $%; SH and SR~ SB. Ifiinterpretsunion(SR, SB), thenunion(SR, SB) ~»
union(SH,SB).

Proof. For all ¢ € SEN(ZX), we reason
SR~ SB A SR~ SB
& { definition}
@ € Cs(P1) =i(@) € Cr(P) A @ € Cy(P2) = i(¢) C Cr(P7)
= { Cs,Cs» monotonig
@ € (Ce(P1) UCs(P2)) =i(9) € (Cxr(P7) UCs (D))
& { definition}

union(SR, SR) ~+; union(SKH,SKH)

The remaining cases are not straightforward. Actuallyjeaiihg compatibility entails the need for
imposing some non trivial conditions on morphisms.
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5 Towards a refinement calculus

Having defined refinement by interpretatianrossr-institutions andnside an arbitraryr-institution,
this section sketches their interconnections. Our firgt istéo define how a specification in an institution
| translates td’ along an interpretation.

Definition 10 Letp = (F,a) : 1 — I’ be a translation betweerrinstitutions | and 1 and SP= (Z, ®)
a specification in I. The translatiop(SP) of SP througtp is defined by

p(z,®) = (F(2),az(P)) (11)

Next lemma answers the following question: is refinemennltgrpretation over arbitramg-institutions
preserved by the specification constructors?

Lemma 4 The definition of specification translation is structuraleothe specification constructors
given in definitio D, i.e.

p (union(SR,SR)) = union(p(SR),p(SR))
p (translate SPthrough 0) = translate p(SP) through F(0)
P (derive SP through o) = derive p(SP) through F(0)

Proof. For the first case |8R = (33, ®;) andSB = (2, ®,). Then,

P (union(SR,SR))

= { definition ofunion}
[5 (Z,¢1Uq32>

= { definition of p}
(F(2),a(P1U®y))

= { a is a natural transformatign
(F(2),a(P)Ua(®2))

= { definition ofunion}
union((F(X),a(®1)), (F(X), a(P2)))

= { definition of p}
union(p(SR),p(SR))
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Consider now the second case (the third being similar):

p (translate SPthrough o)

= { definition oftranslate}

p (X o(®))
= { definition of p}

(F(&), az(0(®)))
= { a is a natural transformatign
(F(Z), 2(0)(as(®))
= { definition oftranslate}
translate (F(Z'), axz(®)) through F(0)
= { definition of p}
translate p(SP) through F(0)

Note a slight abuse of notation: the extensio@pP) in the conclusion is actually through the powerset
extension ofF (o).
O

6 Conclusions and related work

In software development, one often has to resort to a numbdifferent logical systems to capture
contrasting aspects of systems’ requirements and progiragrparadigms. This paper usesnstitutions
to formalize arbitrary logical systems and lifts to suchellex recently proposed [MMB09b, MMBQ09a]
approach to refinement based on logical interpretation.

Refinement by interpretation is formulated at both a glohal, (acrossr-institutions) and local
(i.e., between specifications inside an arbitrarynstitution) level. The paper introduces a notion of
structured specification and shows that, at both levelsi@efent by interpretation respects the proposed
specification constructors. Actually, the institutionettsig not only makes it possible to go a step further
from [MMBO094] in generalizing the concept to arbitrary logj but also provides a basis to build up a
refinement calculus of “institution-independent”, stured specifications.

We close the paper with a few remarksrefinement by interpretatiom itself and some pointers to
related work.

The idea of relaxing what counts as a valid refinement of aabaltic specification, by replacing
signature morphismby logic interpretationsis, to the best of our knowledge, new. The piece of re-
search initiated with [MMBO9b] up to the present paper waedlly inspired by the second and third
author's work on algebraic logic as reported, respectivielifMar06] and [Mad08], where the notion
of aninterpretationplays a fundamental role (seeg, [BP89,BP0OL, BR(Q3, Cze01]) and occurs in dif-
ferent variants. In particular, the notion obnservative translatiomtensively studied by Feitosa and
Ottaviano [EDOL1] is the closest to our own approach.

Refinement by interpretation should also be related to thensive work of Maibaum, Sadler and
Veloso in the 70’s and the 80’s, as documented, for examplM8&V84,(MVS85]. The authors resort
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to interpretations between theories and conservativasixies to define a syntactic notion of refinement
according to which a specificatid®P refines a specificatioBPif there is an interpretation &P into

a conservative extension 8P It is shown that these refinements can be vertically conthdkerefore
entailing stepwise development. This notion is, howevamehow restrictive since it requires all maps
to be conservative, whereas in program development it iallysenough to guarantee that requirements
are preserved by the underlying translation. Moreoverhat aipproach the interpretation edge of a
refinement diagram needs to satisfy a number of extra piepert

Related work also appears [n [FM93, Vou05] where interpigia between theories are studied, as
in the present paper, in the abstract framework-afistitutions. The first reference is a generalization of
the work of Maibaum and his collaborators, whereas the skgeneralizes tar-institutions the abstract
algebraic logic treatment of algebraic semantics on séatdagics. Notions of interpretation between
institutions also appear in [Bor0D2] and [Tar95] under thsigieation ofinstitution representationDif-
ferently from the one used in this paper, borrowed from [\&Ju€hey are not defined as multifunctions.
The work of José Meseguér [Mes89] ganeral logicswhere a theory of interpretations between logical
systems is developed, should also be mentioned.

We believe this approach to refinement through logical pregation has a real application potential,
namely to deal with specifications spanning through diffespecification logics. Particularly deserving
to be considered, but still requiring further investigatiare observational logic [BHKO03], hidden logic
[Ros00/ MPQ¥] and behavioral logic [Hen97]. As remarkedwah the study of refinement preservation
by horizontal composition remains a challenge and a topauokent research.

Other research topics arise concerns the ways in wiiichal andlocal levels interrelate. For ex-
ample, we are still studying to what extent a local refinenininterpretation of a specification in a
T-institution 1, lifts to another local refinement of its translation inddid® a global interpretation from
| to anotherrrinstitution|’.
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